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PREFACE. 



The subject treated of in the following pages is usually 
styled Analytical Geometry, but its real nature seems to be 
better expressed by tbe title Co-ordinate Geometry, since it 
consists entirely in the application of the Method of Co- 
ordinates to the Solution of Geometrical Problems. 

The present Treatise, in which we shall confine our at- 
tention to figures and curves in one plane, will consist of 
two parts : the first part is all that is at present published ; 
it contains the application of the method of Co-ordinates to 
Right Lines, Circles, and Conic Sections. In the second 
part, the properties of Curves in genereJ, with reference to 
Tangents, Asymptotes, Singular Points, Curvature, &c., will 
be investigated, without assuming a knowledge of the Diffe- 
rential Calculus on the part of the Student. A Historical 
Account of the subject, and a large collection of Problems 
will be added. 

The complete analysis given in the Table of Contents 
renders it unnecessary to say much here respecting the plan 
pursued in the Treatise. In the first chapter the meaning 
of the signs = + and - , and the nature of negative and 
imaginary quantities, are fully explained, on principles which 
seem to combine generality and simplicity. The difficulties 
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which are supposed to beset the foundations of Algebra, are 
partly due to the indistinctness of the definitions usually 
given of algebraical symbols. In the subsequent chapters, 
the Author has endeavoured to adhere to a uniformity of 
method which, he hopes, will render it easy to acquire and 
retain a knowledge of the subject. He has also made use 
of symmetrical equations as much as possible, as there can 
be no doubt that many advantages are lost, and none gained, 
by want of attention to symmetry in analjrtical processes. 
The properties of Conjugate diameters are investigated by 
means of the angle called the Eccentric Anomaly in Astro- 
nomy, but the same properties are deduced without making 
use of this angle in Chapter XI. Several geometrical illustra- 
tions are given in notes, and various Problems and Examples, 
many of which are taken from the Senate-House Problems 
and other sources are added at the end of each chapter. 



Cambridge, 

Marchy 1844. 



TABLE OF CONTENTS. 



CHAPTER I. 

Meaning of the Signs = + -. Nature of Negative Quantities. Multiplica- 
tion by a Negative Quantity. Impossible Quantities. Meaning of the 

Sign -i Sense in which the Signs = + - are used in the present subject. 
Aeticle 

1 . Meaning of the Sign =. 
2, 3. Meaning of + and -. 

4. Examples. 

6. JSr+ F=F+X 

6 . Our definition of X - Y does not require X to be greater than Y. 

7. Definition of a Negative. 

8. A positive quantity what. 

9, 10, Of the Notation -F, and + F. 

12,13. -(-r)=r, -(-X'-F)= r-x 

14. To add— F is the same thing as to subtract F, and to subtract - F 

the same thing as to add F. 
15, 16. General method of extending the meaning of a Notation to cases 

not contemplated in its original definition. 
1 7. Meaning of (- a) . ft, a . (- ft), and (- a) • (- ft). 



18. Meaning 



«' (")■(?)■ 



19, 20. In what sense the Square Root of a Negative Quantity is impos- 
sible. 

21-24. How we arrive at the meaning of the Sign -^. It may be called 
the Seminegative Sign. 

25. Example of a Seminegative Quantity. 

26. The square root of -F* is the Seminegative of F. 

27. Meaning of the Signs = + in Co-ordinate Geometry. 
28-30. Meaning of -, of Negative, and of Positive Quantities. 



VI TABLE OF CONTENTS. 

CHAPTER II, 

Nature of Co-ordinate Geometry. Representation of Points by means 
of Co-ordinates, Propositions respecting the Co-ordinates of Points. Re- 
presentation of Curves by means of Equations between x and y, 

ARTICLB 

33. The Co-ordinates of a Point : what. 

34. Origin of the name Co-ordinate. 

35-37. Axes of x and y. Origin of Co-ordinates. Examples. 

38. Relations between the Co-ordinates of two Points, the Line joining 

them, and the Angle that Line makes with OX. 

39. Angle which one Line makes with another, what : distinction 

between the distances PP" and PP, 
40-42. Areas of certain figures found. 
43-46. Method of representing Lines and Curves by means of Equations 

between x and y. Loci. 
47-49. Definition of the Locus represented by any Equation between x 

and y. Examples. 

CHAPTER III. 

General Equation of the Right Line. Equations of Lines subject to 
various conditions. Miscellaneous Propositions. Problems. 

ARTTCLE 

50. The general Equation of the first degree represents a Right Line. 

51. Expression for the Angle which a Line makes with OX. 

52. Converse of Art. 50. 

53. The portions which a Line cuts off from the Axes found. 

54, 55. Method of constructing a Line from its Equation. 

55, 57 Of certain forms in which the Equation of the Right Line may be 

put. 

58, 59, Current Co-ordinates and Parameters, what. Current Co-ordi- 
nates belonging to different Lines are not distinguished from 
each other, 

60, 61. Equation of a Line passing through one or two given Points. 

62, 63. Conditions necessary in order that two Lines may be parallel or 
perpendicular to each other. 

64, 65. Point of Intersection of two Lines. 

66. Angle contained between two Lines. 

67. Equation of a Line making a given Angle with a given Line. 

68. Distance of a Point from a Line in a given direction. 
69, 70. Perpendicular distance of a Point from a Line. 

71. Equation of a Line passing through the intersection of two given 
Lines. 
72-84. Various Problems respecting Right Lines. 



TABLE OF CONTENTS. VU 

CHAPTER IV. 

Oblique Co-ordinates. Modifications necessary in the previous results 
when the Co-ordinates are supposed to be Oblique. Polar Co-ordinates. 
Transformation of Co-ordinates. 

ARTICLE 

85. Oblique and Rectangular Co-ordinates. 

86. Articles which require no alteration when the Co-ordinates are 

supposed to be Oblique. 

87. Alterations necessary in Article 38. 
88, 89. Ditto in Article 50 and 51. 

90, 91. Ditto in Article 62. 

92. Ditto in Article 66. 

93. Ditto in Articles 68, 69. 

94. Polar Co-ordinates, what. Radius Vector. Vectorial Angle. 
95. 96. Negative values of r, how drawn. Examples. 

97. Polar expression for the distance between two Points. 

98, 99. Polar Equation of a Right Line. r 

100. Transformation of Co-ordinates, 

101. Transformation of Polar Co-ordinates into Rectangular, or vice 

versa. 
102-104. To turn Rectangular Axes round the Origin through any Angle* 
105-107. To transfer the Origin to any Point. 

108. To reverse the positive direction of either Axis. 
110. To turn Oblique Co-ordinates in any manner round the Origin. 
112. To transfer the Pole and turn the Prime Radius through any 
Angle. 
113-117. Various Problems respecting Lines referred to Oblique Co-ordi- 
nates. 

CHAPTER V. 

General Equation of the Circle. Diameters, Tangents, and Normals of 
a Circle. Various Problems respecting Circles and Right Lines. 

ARTICLE 

118-121. General Equation of the Circle. 

122, 123. To construct a Circle from its Equation. Examples. 

124, 125. Circle referred to Oblique Co-ordinates. 

126, 127. Circle referred to Polar Co-ordinates. 
128. Distance of a given Point from a Circle in a given direction 
determined by a Quadratic Equation. 

129, 130. Sum and product of the Roots of the Equation. 

131, 132. Distance of the middle Point of the Chord from the given Point. 
Condition necessary in order that the Point (xi/) may be the 
middle Point of the Chord inclined at an Angle 6 to OX, 



Vm TABLE OF CONTENTS. 

▲ KTICLI-: 

133, 134. Locus of the middle Points of a System of Parallel Chords, 

\7hat. 
135, 136. Tangent at a Point determined. 

137. Tangent, making a given Angle with OX, determined. 

138. Equation of the Normal. 

139. Line joining the Points of Contact of the Tangents drawn from 

a given Point without a Circle. 

140, 141. Locus of the Intersection of two Tangents when the Line join- 
ing the Points of Contact always passes through a Fixed 
Point. 

142-164. Various Problems respecting Right Lines and Circles. 

CHAPTER VI. 
Of the Loci called Conic Sections ; their Forms and Equations. 

ARTICLE 

165. Locus of a Point whose distance from a given Point is always 

proportional to its perpendicular distance from a given Line. 

166. Form of the Locus when e is < 1. 

167. Form of the Locus when e-\, 

168. Form of the Locus when e is > 1. 

169, 170. Ellipse, Parabola, and Hyperbola. Origin of these names. 

171-175. Focus, Directrix, Centre, Axis, Major and Minor Axes in the 
Ellipse, Possible and Impossible Axes in the Hyperbola. 

176. Letters and Notation we shall use. 

1 77. Polar Equation of the three Curves. 

1 78. Latus Rectum equal to Double Ordinate through Focus. 
180, Locus represented by Aa^ + -By* = C, 

18), 182. This equation may represent two Right Lines. 
183, 184. Locus represented by -4y* = Bx or Aa^ = By, 

CHAPTER VII. 

Of the General Equation of the second degree between x and y, and the 
Loci it represents. Reduction of the General Equation to its simplest 
form. Sections of a Right Cone by a Plane are Loci of the second order. 

ARTICLB 

185. General Equation of the second degree. 

186. Locus represented by the General Equation when the term 

2Bxi/ is wanting, how determined. 

187. The term 2Bxy may be made to disappear from the General 

Equation by turning the Axes of Co-ordinates through a 
certain Angle. 
190. Equations for reducing the general Equation- so as to vaQke2Bxy 
disappear. 



TABLE OF CONTENTS. IX 

ARTICLE 

191-194. Examples of the reduction of the General Equation. 

195. The General Equation represents an Ellipse^ Parabola, or Hy- 

perbola, according as -4(7- jB* is positive, zero, or negative. 

196. Determination of 0, A', C, D*, JE', in general. 

197. Sections of a Right Cone by a Plane are Loci of the second 

order. 

198. Under what circumstances the section is an Ellipse, Parabola, 

or Hyperbola. 

CHAPTER VIII. 

Of the Parabola. Properties of the Parabola not connected with Tan- 
gents or Diameters. Properties connected with Tangents. Properties 
connected with Diameters. Various Problems. 

ARTICLS 

201. Equations of the Parabola. 

202. SP = x + m. 

203. The distance of (xy) from 5 is a Linear Function of x and y. 

204. Locus of a point {xy), whose distance from a given Point (hk) is 

a Linear Function of x and y. 

205. Focus defined by this Property. 

207. sF^ sr'T' 

208-209, Line joining the Points when two Lines drawn from the Vertex 
meet the Parabola. 
210.. Distance of a given Point from a Parabola, measured in a given 
direction^ is determined by a Quadratic Equation. 

211. Sum and Product of the Roots of this Equation. 

212. Condition that (hk) may be the middle Point of a Chord, making 

an Angle 6 with the Axis. 

213. General property respecting the Products of the Segments of 

two intersecting Chords. 

214. Equation of the Tangent at any Point. 

215. Condition necessary in order that the Line (y = ax + /3) may be 

a Tangent. 

216. Subtangent and Subnormal. 

217-218. The Tangent makes equal Angles with -^-STand SP. 

219. Intersection of a Tangent, and the perpendicular upon it from 

the Focus. 

220. Geometrical method of drawing a Tangent from any given point 

to the Parabola. 

222. Analytical Solution of the same Problem. 

223. Intersection of two Tangents at right Angles to each other. 

224. The perpendicular of SP drawn from S, meets the Tangent at P 

in the directrix. 



"* 



{ 



^J 



X TABLE OF CONTENTS. 

ARTICLB 

225. Length of the perpendicular from 8 on the Tangent.. 
226-222. Line joining the Points of Contact of two Tangents drawn from 
a given Point. 

230. Equation of Diameter. 

231. The Tangent at the Vertex of a Diameter is parallel to its Chords. 

232. Equation of the parabola referred to any diameter and the Tan- 

gent at its Vertex. 

233. Equation of Tangent referred to the same Axes. 
238-252. Various Problems. 

CHAPTER IX. 

Of the Ellipse. Properties not connected with Tangents or Diameters. 
Of the Eccentric Angle. Properties connected with Tangents. Proper- 
ties connected with Diameters. Various Problems. 

ARTICLE 

253. Equations of the Ellipse. 

254. SP = a + ex, S'F^a- ex, 

255. SP + 8'P = 2a. 

256. Mechanical method of tracing an Ellipse. 

257-258. Distances of (xy) from the Focus, always a Linear Function of 
X and t/. 
1 1 _2 

^^^' sp^^^'r 

260. 

261. A Circle being described on the Axis Major as Diameter, Ordi- 
nate of Ellipse : Ordinate of Circle ::b i a, 
262-263. Distance of a given Point from an Ellipse, measured in a given 
direction, is determined by a Quadratic Equation. 

264. Condition that (hk) may be the middle point of a Chord making 

an Angle & with the Axes of x. 

265. General property respecting the Products of the Segments of two 

Intersecting Chords. 
266-667. Polar Equation of the Ellipse referred to the Centre. 
268-271. Equation of Ellipse may be expressed in the form x = a cos *P, 

y = & sin </>. Geometrical Interpretations of this. 

272. Mechanical method of drawing Ellipses. 

273. Eccentric Angle : what. 

274-275. Tangent at any Point of an Ellipse found. 

fl* b* 

276. Cr=^, CT'^r- 
h k 

277-278. Condition that (olx + /3y = y) may be a Tangent to an Ellipse. 

279. Normal found. CG = ^h, CG' = -^e*k. 



280. PG bisects the Angle SPS', 



TABLE OF CONTENTS. XI 

AKTICLS 

282. Locus of Intersection of any Tangent, and a Perpendicular upon 

it from either Focus. 

283. Geometrical method of drawing a Tangent from a given Point to 

an Ellipse. 

284. Analytical Method. 

285. Locus of Intersection of two Tangents at right Angles. 

286. pp' = V. 

287. y = 6« ^r-^ . 
■^ 2a - r 

288. Expression from the Perpendicular upon the Tangent from the 

Centre. 
289-291. Line joining the Points of Contact of two Tangents drawn from 
a given Point. 

292. Diameter of a given System of Chords determined. 

293. Tangent at extremity of Diameter is parallel to Chords. 

295 tan tan «'=:--- . 

or 

256. Conjugate Diameters: what. 

299. If and 0' be the Eccentric Angles at the extremities of two 

Conjugate Diameters, <^' - = 90*. 

300. ar' = --y, y'^-x. 

a 

301. CF" + Ciy, and CP . CD sin PCJD are invariable. 
303. SP.S^P^ Clf. 

304-308. Equation of the Ellipse referred to Conjugate Diameters, Equa- 
tions of Tangent, &c. &c. 
309-319. Various Problems. 



CHAPTER X. 

Of the Hyperbola. Properties of the Hyperbola corresponding to those 
of the Ellipse. Asymptotes. Problems. 

ARTICLE 

320-326. Properties of the Hyperbola corresponding to those of the Ellipse. 

827. The Conjugate Hyperbola : what. 

328-355. Properties of the Hyperbola corresponding to those of the Ellipse. 

356-357. Asymptotes of the Hyperbola determined. Equilateral Hyper- 
bola: what. 

358. Ellipse and Parabola have no Asymptotes. * 

360-362. RQ = RQ, &c. &c. 

363. Equation of Hyperbola referred to its Asymptotes. 

365-367. Tangent referred to the Asymptotes. 

368. pp* is constant. 

369-376. Various Problems. 



' 



XU TABLE OF CONTENTS. 

CHAPTER XI. 

Miscellaneous Propositions. Properties of Conjugate Diameters deduced 
without using the Eccentric Angle. Locus represented by 

Aa^ + 2Bxy + Cy« = 1, 
determined by means of a Circle. Angle which a Tangent drawn from 
any point {xy) to a Conic Section subtends at either focus. Equal Conju- 
gate Axes, &c. Areas of the three Conic Sections. 

CHAPTER XII. 

General Equation of the Second Degree, Centre, Diameters. Tangents, 
Asymptotes. Various Problems. 



ERRATA. 

Page 5, third line of Art. 13, 

insteadof (X-F) + F=0, and (F- -X") + 2:= 0, 
read {X'Y)^Y^X, and {Y-X)^X^Y, 

Page 64, last two lines of Art. 141, instead of and in the third inside it, 
read and in the third it may be inside it. 

Page 97, Art. 232, properly speaking, instead of saying that 

PR^Pm, ^=4m', and 2!4 = A; 
lA 

we should have said that 

P-R = - PE, ^ «= - 4m', and TA^-h. 

J, A 

In fact we have considered PP! and TA without regard to sign. 

Page 123. The same remark applies to Art. 304 ; we should have said 
that CP = - CP, MP = - (a + a;), CD = - CJDf, and MQ = - MQ, 
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CHAPTER I. 



MEANING OP THE SIGNS = + -. NATURE OF NEGATIVE QUANTITIES. 
MULTIPLICATION BY A NEGATIVE QUANTITY. OF IMPOSSIBLE QUAN- 
TITIES, AND OF THE SIGN ~'. SENSE IN WHICH THE SIGNS = + - 
ARE USED IN THE PRESENT TREATISE. 



Meaning of the signs =* + -. 

Before we enter directly upon the subject of the present 
treatise, it will be necessary to make a few observations respect- 
ing some of the principles of Algebra; chiefly with a view to 
explain the nature of negative quantities, and the use of the 
sign - in Co-ordinate Geometry. We shall commence with the 
following definitions. 

1. The notation, X = y, is a short way of expressing the 
proposition, X is equivalent to Y; the sign = being an abbreviation 
for the words " is equivalent to,^^ 

By the word " equivalence^^ is meant " sameness in certain 
particulars supposed to he understood.^^ Thus, when we say that 
42 shillings are equivalent to 2 guineas, we mean, that 42 shillings 
are the same as 2 guineas in a certain particular supposed to be 
understood, namely, in value/ but not in weight or magnitude. 
Hence the notation X = Y may have a variety of significations 
according to the sense in which we use the word equivalent. 
Of course in every investigation the precise meaning of this 
word is supposed to be settled and understood. 

B 
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2. The notation, X + y, is a short way of expressiag the 
words, X together toith Y: the sign + being an abbreviation for 
the words " together toith,^^ 

3. The notation, X - Y, is used to represent that thing, 
whatever it be, which together with Y is equivalent to X : or, 
in symboKcal language, (X -Y) +Y= X. 

The words ^^ together wtth*^ are very general and may be used in 
a variety of different senses : therefore the sign + may have various 
meanings; and the same is true of the. sign -, which, by the 
definition just given, has a signification depending upon that 
of +. The precise meaning of these ^signs, as in the case of =, is 
supposed to be settled and understood in every investigation. 

4. The following examples will shew the nature of these 
signs thus defined, and some of the different senses in which 
they may be used, 5 + 3 = 8 (1), 

5-3 = 2 (2), 

£5 loss + £3 gain = £2 loss (3), 

£5 loss -- £3 gain = £8 loss (4), 

£5 loss - £8 loss ^ £3 gain (5), 

3 mjleg travelled eastward + 2 M^estward = 1 eas|;ward. . . .(6), 
3 mile^ travelled eastward - 2 westward = 5 e^tward. . . .(7), 
3 ?niles trjaveUed eastward - 5 eastward = 2 westward. . • .(8), 

£l + I owt. = 20s. + X12lb8 (9). 

Equation (1) translated into ordinary language may be ex- 
pressed thus : 5 together with 3 is equivalent to 8 ; therefore + 
here denotes commQn addition, and = denotes absolute sameness. 
Using + and = in this sense, we have, 2 + 3 = 5; therefore, 
by the definition of X - y, 2 is the value of 5 - 3, and die taruth 
of the equation (2) is manifest. It is clear that - in this case 
denotes ordinary subtraction. 

In equation (3) + denotes that the loss and gain affect the 
^ame propjerty, an4 ~ denotes sameness so far as the effect pro- 
duced on that property is concerned; and thus the equation 
expressed in ordinary language means, that a man's losing £5 
and gaining £3 is the same thing as his losing £2 so far as his 
property is concerned. 
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Using + and = in this sense^ the truth of the equations (4) 
and (6) is evident from the definition of X - Y; for £8 loss 
+ £3 gain = £5 loss, therefore, by the definition, (4) is true ; also 
£3 gain + £8 loss = £5 loss, and therefore, by the definition, 
(5) is true. 

In equation (6) + denotes that the traveller commences the 
2 miles westward as soon as he gets to the end of the 3 miles 
eastward, and = denotes sameness so far as his final distance from 
his starting point is concerned : and thus in ordinary language 
the equation means, that a man's travelling 3 miles eastward and 
then 2 miles westward is the same thing as his travelling 1 mile 
eastward, so far as his final distance from his starting point is 
concerned. 

Using + and = in this sense, the truth of the equations (7) 
and (8) follows immediately from the definition of X - Y, as in 
the case of (4) and (5). 

In equation (9) + has merely the force of the particle and, 
and = signifies that the things on the first side of the equation 
are respectively or separately equivalent to those on the second 
side ; and thus in ordinary language the equation means, that 
£l and 1 cwt. are respectively equivalent to 205. and 112 lbs. 
This explains the meaning of such an equation as 

a + i V(- 1) = c + rf v^(- 1). 

5. It is evident that 5 + 3, £5 loss + £3 gain, and 3 miles 
eastward + 2 westward are the same things, respectively, as 3 + 6, 
£3 gain + £5 loss, and 2 miles westward + 3 eastward; and in 
general that X + Y is the same thing as y + X. At least, we 
shall never attach any meaning to the words ^* together tmtK** for 
which it is not true that X together with Yis the same thing as 
y together with X. 

6. The 5th and 8th of the above examples serve an important 
purpose ; they shew that the definition we have given of X - Y 
applies, without any difficulty whatever, when X is a magni- 
tude of the same kind as, and numerically less than, Y; and that 
we are therefore at liberty to suppose X to be of any magnitude 
we please compared with Y. This observation is important, as we 
are now about to use a notation which would be inadmissible, if 

B2 
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there were any restriction implied in the definition of X - Y" 
requiring X to be a magnitude numerically greater than Yl 

Of NeffoHve Quantities. 

In various parts of mathematics we often meet with two quan- 
tities of such a nature, that, when taken together, they are 
equivalent to zero. Thus £l loss and £l gain, taken together, 
are equivalent to zero (using the words " taken together" and 
" equivalent" in the same sense as in Ex. (3) Art. 4). Again, 
using these words as in Ex. (6), 2 miles travelled eastward and 
2 westward, taken together, are equivalent to zero. And a 
variety of other instances might be given, such as, two equal 
and opposite forces or velocities, vitreous and resinous elec- 
tricities, &c. Hence, in order to distinguish and represent two 
quantities thus related, it becomes desirable to adopt a special 
nomenclature and notation, which we now proceed to explain. 

7. When two things taken together are equivalent to zero, 
each is said to be the negative of the other ; or, in symbolical 
language, if X + Y = 0, X is said to be the negative of F, and Y 
the negative of X. 

8. It is usual to select either of the two things thus related 
and call it positive, and then the other is said to be negative : 
thus we may call gain positive and loss negative ; or, if we 
please, we may call loss positive and gain negative. We use the 
term positive, therefore, not to express any peculiarity in the 
nature of a quantity (except it be that it is capable of having a 
negative), but merely to mark, for convenience sake, one of the 
two quantities which taken together are equivalent to zero. 

9. We arrive at a very excellent notation for representing 
the negative of a quantity in the following manner. 

By the definition of X - Y above given, it appears that - Y 
is that quantity which together with Y is equivalent to zero ; 
hence, by the definition of a negative, - Y is the negative of Y. 
Now, in such expressions as + Y and - Y, it is usual to omit 
the symbol 0, and to write them simply in the form +Y -Yi 
and thus -Y, instead of - Y, is employed to represent the 
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negative of Y, In this manner it is that our definition of 
X -Y leads to a method of denoting the negative of a quantity 
(see the observation made in Art. 6), and to the use of the 
sign - as an independent sign. 

We may regard - in this point of view as an abbreviation for 
the words " the negative of^^; so that - Y expressed in ordinary 
language means, the negative of Y. 

10. +Y is evidently the same thing as Y, and therefore, if 
we omit the symbol 0, +!Fand y mean the same thing. There 
does not however seem to be any advantage gained by making 
this independent use of the sign +, except in a few cases where 
it avoids circumlocution, such as the common notation ± V(X). 

11. If we bear in mind that -Y is merely a simple way of 
writing - Y, which, according to our definition, denotes that 
quantity which together with Y is equivalent to zero, there will 
be no difficulty in perceiving the truth of the various proposi- 
tions respecting the sign - usually given in treatises on Algebra; 
for instance, the following : 

12. To shew that - (- F) = Y. 

Since (0-F) + F=0, by our definition of X - Y, it follows, 
from the definition of a negative, that Y is the negative of 
(0 - F); and therefore that F= - (0 - F); or, omitting the 
zeros, that F = - (- F). o. e. d, 

13. To shew that -(X-F)=F-X. 
By our definition of X - F, we have 

(X-F)+F=0, aad(F-X)+ X = 0: 
therefore, adding these equations, and taking away from each 
side of the result the common quantity X + F, we find 

(X-F) + (F-X)=0, 
Hence, by the definition of a negative, we find that ( F- X) 
is the negative of (X - F), and therefore 

F- X = - (X -F) = - (X - F). Q. E.D. 

14. To shew that, to add - F to any quantity X, is the same 
as, to subtract F, and, to subtract - F, is the same as, to add F 

Since (0 - F) + F = 0, it follows that 

X + (0-F) + F=X; 
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and therefore^ by the definition of X - Yi we have 

x + (o-r)-x-F, 

which shews that X together with - y is the same thing as 

X - F. Q. E. D. 

Again, since X + F+ (0 - F) = X, we have, by the defini- 
tion of X-F, X + r=X-(0-F); 

which shews that to subtract - Y" is the same thing as to add Y, 

Q. s. D. 

Of MvlUplicatian by a Negative Quomtity. 

15. To determine the meaning of multiplication by a nega- 
tive quantity we must proceed very much in the same manner 
we do in the case of negative or firactional powers. The original 
definition of a* necessarily supposes that m is a positive integer ; 
but, in order to extend the meaning of this notation, we assume, 
that all the consequences which fi)llDw from the original defini- 
tion, and which may hold equally well whether m be an integer* 
or not, are true in general. Thus the law, a**o" = a*"*", fellows 
from the original definition, and is capable of holding when m 
and n are not integers: we therefore assume it to be true in 
general, and it determines the meaning of a"* when m is negative 
or fractional. 

16. In exactiy the same way, the definition of a.h originally 
given supposes the factors to be integers; but from this definition 
it follows that (a + c). J =» a.5 + e.5 and that (aE.(J + c) = a . J + a,c; 
which laws are capable of holding when a, &, and c are not integers. 
We therefore assume these laws to be true in general, and they 
serve to determine the meaning of a product when the factors 
are negative or fractional, as we now proceed to shew. 

17. To determine the meaning of (- a) . J, a, (- 4), and 

(- «) . (- ft). 

By the assumed laws we have 

{(0 - a) + a} . S = (0 - a) S + a . J ; 
but (0 - a) + a = 0> and - a is the same thing as - a; therefore, 
since . 6 = 0,* we have 

= (- a) . J 4 a . 6^ and /. (- a) . 5 « - (a . J). 

* That, 0.6 = 0, follows from the original definition of a . 6. 
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Hence it appears that the result of mtdtiplyiftg A by - g? is 
the negative of a . J. 

In just the same way we may shew that a . (- A) = - (a .6)* 
AlsO; by the result* just obtained^ we have 
(-a)(-S) = - {«.(-*)} «- (~a.A) = a.6, by Art. 12. 
Hence the product of - o and - A is o^. A. 

18. To determine the meaning of [ — ).(- );. 

From the' assumed law, (a + o) . A = a . A + c . A, it easily follows 
that, (a + c + rf+« + &c....) A = a.A + c.A + e.A4-e?.A + &c. . 
therefore we have 

(m mm ^ ^ \ p m p m p 

— + -- + — ....ton terms .-'*—.- + — .-..• .to « terms, 
\n n n J q ^ i n q, 

or ^•^ = ^-(5.-f ) (1); 

q \n qj 

and in exactly the same way we may shew that 

Therefore, dividing by y . », we have 

m' p m »p 
n q n , q 

Hence the product of two fractions is the faction^ whose 
numerator is the product of the numerators, and denominator 
the product of the denominators. 

Of Impossible Quantities , and the Sign -i or V(- 1)* 

19. It appears from Art. 17 that there is no positive nor 
negative quantity whose square is a negative quantity: the 
square root of a negative quantity, liierefore, is neither positive 
nor negative. Now suppose that, in any investigation, all the 
quantities we are engaged with must be either positive or 
negadve, at least, that we agree to consider no other kind of 
quantity : then, if any of our operations should lead to a result 
in tte form of V(- a), we must rej-ect this result, and regard the 
operations that lead to it as impossible to be performed. In 
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this point of view the square root of a negative quantity may be 
strictly called impossible or imaginary. 

20. In the first part of the present treatise we shall consider 
all the quantities we are engaged with to be either positive or 
negative, because there wiU be no necessity to introduce any 
other kind of quantity ; on the contrary, the simplicity of the 
subject would be quite lost, and no advantage would be gained, 
if we were to admit aay quantities besides simply positive and 
negative quantities. This being settled, we must, reject the 
square root of a negative quantity whenever it occurs, and 
regard the operations that lead to it as impossible. 

21. But the square root of a negative quantity is impossible 
only in this point of view, for we shall now shew that there is 
a quantity whose square is a negative quantity. 

22. - y represents the result of a certain operation performed 
upon Yy namely, the operation of converting a quantity into its 
negative ; -(-Y) denotes the result of performing this operation 
upon - Yy i, e, twice successively upon Y; - {- (~ Y)\ the re- 
sult of performing it three times successively upon Yy and so on. 
To represent these results of repeating the operation more 
concisely and generally, we shall denote them respectively by 
-Yy -Yy and so on ; and, in general, we shall assume -"•?" to 
denote the result of performing the operation m times succes- 
sively upon Y. 

In like manner, if we suppose -+ Y to denote the result of any 
other operation of any kind performed upon Yy we shall assume 
-«•*** y to denote the residt of performing it m times successively 
upon Y. 

23. This definition of -+ *** F supposes m to be an integer, but 
we may extend the meaning of the notation, in the same manner 
as we do in the case of ordinary powers, by supposing that all 
the properties which follow from the original definition, and are 
capable of holding when m is not integral, are true in all cases, 
whatever m may be. For instance, it follows from the original 
definition that -i- "•(-»-" F) =-+ ""^ F, and this property is capable 
of holding when m and n are not integral ; we shall therefore 
assume it to be true in general. 
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Hence, to determine the meaning h- i Y we have only to put 
m = w = 2 in the assumed property, and we find 

which shews that h- i represents any operation which, performed 
twice successively on any quantity, gives the same result as the 
operation h- performed once. 

24. Hence - i represents any operation which, repeated twice 
successively upon a quantity, converts it into its negative. On 
this account I shall venture to call -» the seminegative* sign, 
and -i Y the seminegative of Y. Hence the seminegative of 
the seminegative of Yis the negative of Y; or, in other words, 
the same operation which converts Y into its seminegative, con- 
verts the seminegative of Yinto the negative of Y. 

25. For example, by turning a traveller's direction through 
a right angle from right towards left, a mile eastward is changed 
into a mile northward ; and, by exactly the same change, a mile 
northward is changed into a mile westward ; but a mile west- 
ward is, as we have seen, the negative of a mile eastward; hence 
it follows that a mile northward is the seminegative of a mile 
eastward, and if we represent the former by Y the latter is re- 
presented by -i Y. 

26. We have now obtained a quantity whose square is a 
negative quantity, for it is easy to shew that (-i Y). (-i Y)=- Y* 
in the following manner. 

It foUows, from the original definition of -"• Y, and from the 
nature of multiplication by a negative quantity explained in 
Art. 1 7, that (-""X) . (-"X) = -"*^" (X . Y) ; and this law is capa- 
ble of holding when m and n are not integral ; we may therefore 

* The sign -» or ^{- 1), as it is commonly written, seems to me to require 
some specific name to indicate the reality of the operation it represents. Be- 
sides, since / -ix- '^ - '^ U 1\ 

(- 1)»» = cos — + sm — V(- 1)> 

aU the roots of - may be expressed very simply by means of its square root ; 
and therefore the square root may be advantageously distinguished from the 
other roots by a special name. 
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assume it to be true in general. Now, putting w » « = J and 
X = y, we find immediately, 

(-iF).(-ir) = -r'. Q.B.D. 

Hence it appears tliat the square of the seminegatiye of Y is the 
negative of Y. (See Art. 21.) 

We shall return to the consideration of seminegative quanti- 
ties in the second part of this treatise. 

Meaning of the Signs = + - m Co-ordinccte Geometry. 

27. In the following pages we shall generally employ the 
signs = + - in the same manner as in the examples of distances 
performed by a traveller eastward or westward, given in Art. 4, 
Ex. (6), (7), (8) ; for we shall, for the most part, be engaged with 
the consideration of similar distances, which are supposed to be 
traced by the motion of a point in particular directions. 

Let Ay Oy a', d'y &c. represent any distances described along 
a r^ht line AB (fig. 1) by a tracing point moving either from 
right to left or from left to right ; and, to avoid circumlocution, 
let us call the position of the tracing point, when it commences 
describing any distance, the beginning o£ that distance ; and its 
position when it has completed it, the end g£ the distance. 
Then, by the equation 

a + a' + a" 4 d" + &c. = A, 

we shall always mean, that the end of the distance a is the 
beginning of a', the end of a' the beginning a", the end of a" 
the beginning of a", and so on ; and that when the tracing point 
has described the compound distance a + d + a' + &c. (beginning 
a at the end of a, a' at the end of a', and so on), its ultimate 
position is the same as if it had simply described the distance A ; 
or, in other words, that the beginning and end of the compound 
distance a + a -^ a + &c. coincide respectively with those of A. 

28. Having thus settled the meaning of the rigns » and +, 
that of the sign - may be determined in the following manner. 

Let a and b represent two distances equal in magnitude, the 
former being described from left to right, the latter from right 
to left ; then, using = and + in the sense just settled, it is evident 
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that i + a = ; therefore, by the definition of a negative, b is the 
negative of a, and is represented by - J or - J, as we have 
shewn (see Art. 9). Hence it appears that if a represent any 
distance described from left to right, - a denotes a distance 
equal to it in magnitude, but described from right to left ; and 
the reverse is also true. 

29. Since c» - J = a + (- J) (see Art. 14), it foUows that a-h 
represente die final distance of the tracing point from its original 
position, when it ha» described the distance a, and then the 
distance (- J), which latter denotes a distance measured equal to 
h in magnitude, but opposite to it in direction. And this is true 
whatever distances a and b may represent. 

30. It appears hence, from Art. 8, where we have explained 
the meaning of the term positive, that if we regard distances 
measured from left to right as positive, those measured from 
right to left will be negative ; or, if we choose to call the latter 
distances positive, the former will be negative. 

31. All that we have said respecting distances described from 
right, to left or from, left to right applies equally well to distsmces 
described along any line in any position, whether it be a right 
line or a curved line. The same may also be said of angular 
distances described by a revolving line. 

These few observation* respecting the signs = + and - suffice 
for our present purpose,, and we shall now proceed to explain 
the nature and object of Co-ordinate Geometry. 



CHAPTER II. 



NATURE OP CO-ORDINATE GEOMETRY. REPRESENTATION OP POINTS 
BY MEANS OF CO-ORDINATES. PROPOSITIONS RESPBCTINO THE 
CO-ORDINATES OP POINTS. REPRESENTATION OP CURVES BY 

MEANS OP EQUATIONS BETWEEN X AND y. 

32. By Co-ordinate Geometry we mean that method or 
system invented by Descartes, in which the positions of points 
are determined, and the forms of curves and surfaces defined 
and classified, by means of what are called co-ordinates. In 
the present treatise we shall confine our attention to one plane, 
and it is on this account that we have given the name of Plane 
Co-ordinate Geometry to the subject. We shall suppose that 
all the points, Knes, &c. we have occasion to consider, lie in the 
plane of the paper, except in certain cases, where it will be 
necessary to make use of solid figures. 

Method of representing the Position of a Point by means of 

Co-ordinates. 

88. Let OX, OF (fig. 2) be two right lines perpendicular 
to each other, and P any point: draw PM perpendicular to 
OX and PN to OF. Then OM and ON are called the 
co-ordinates of the point P with reference to the lines OX, 
OYy which are termed the co-ordinate axes. It is clear that 
these co-ordinates serve to determine the position of P with 
respect to OX and OY; for if OjM" and ON be given, the lines 
MP and NP are also given, and therefore their point of inter- 
section, which is P, is known in position with respect to OX 
and OY. 

34. The lines OM and ON acquired the name of co- 
ordinates in the following manner. From any series of points 
P, P', P", &c. (fig. 3), suppose that we drop perpendiculars 
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PJtf, PM\ P"M\ &c. upon a given right line OX; then, if 
these perpendiculars, and the portions 0-Sf, OM', OM", &c. 
which they cut off from the given line, be given in order and 
magnitude, the points P, P', P", &c. are determined in order 
and position. On this account the perpendiculars were called 
ordinates (from ordtno, which signifies to ^arrange in order or 
succession), and the portions OMy OM', &c. cut off from OX 
were called the abscissca of the ordinates. Now, if we draw 
O Y at right angles to OX, and drop the perpendiculars PNy 
PN'y P'N" upon it, these perpendiculars, which are the 
ordinates of the points with respect to OY, are respectively 
equal to the abscissae, and may be used in place of them : and 
thus the ordination, so to speak, of a series of points, may be 
effected by a double system of ordinates instead of a system of 
ordinates and abscissae. In this point of view the lines PM 
and PNy or OM and ON if we please, are naturally called the 
co-ordinates of the point P. Thus it was that the lines OM 
and ON came to be designated by the term co-ordinate. The 
ordinates of a series of points were called by Newton ** lineeB 
ordinatim appUcatee,^' and by some authors the ordinate of a 
point was termed *^ cms effidens^'* and the abscissa *' cms 
pattens ;" but the name co-ordinate is now universally used. 

36. Any distance described from O along OX is generally 
denoted by the letter x, and any distance along OY by the 
letter y. On this account OX is called the axis of x, and OY 
the axis ofy. The point O, where the two axes meet, is called 
the origin. All distances described to the right along OX, or 
upwards along Y, we shall consider to be positive ; and then 
all distances described to the left along OX, or downwards 
along OYi will be negative. The principles upon which we do 
this are explained in Arts. 27-31. We shall call OX the 
positive axis of x, OX' the negative axis of a;, OY the positive 
axis of y, and Y' the negative axis of y. The point whose 
co-ordinates are x and y we shall term, the point {icy\ to avoid 
circumlocution. 

36. Hence if a and b be any two positive distances, i. e. dis- 
tances described by a tracing point moving along OX or OY in 
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the poaLtiTie direction^ and i£ z ^ a and y ^by the point (xy) is 
determined by describing OM and ON equal in magnitude to a 
and b, »8Ui (fig. 4), and then the intersection (P) of the perpen- 
diculars MP and NP will be the point (xy). 

If a: = - a and y » i, the distance OM must be described in 
the negatiTe direction^ by Art. 28, and there&re (fig. 6) repre- 
sents the proper position of P. 

If X'^ a and y = - i, ON must be described in the negative 
direction, and therefore (fig. 6) represents the position of P. 

If a; = - a and y - - b, both OM and ON must be described 
in the negative direction, therefore (fig. 7) represents the poai- 
tion of P. 

We may perceive, hence, the important use of negative 
quantities in the present subject; without them it would be 
necessary to assume one set of letters to represent distances 
described in the positive directions, and another set to denote 
those described in the negative directions. 

37. The following propositions wiU serve to illustrate this 
method of employing co-ordinates to represent the positions of 
points : the first of them is of considerable importance, and we 
shall often have occasion to refer to it. 

Prop. I. 

38. P and P being any two points referred to co-ordinate 
axes OXy OY (fig. 8), to determine what relations subsist 
between the co-ordinates of P and P', the distance PP*, and the 
angle which PP makes with OX. 

Let xy and x'y' be the co-ordinates of P and P', draw PM, 

P'M' perpendicular to OX, and PQ parallel to OX : then 

PQ = MM':=OM'^OM=x'-Xy PQ^ P'M"- PM^y -y, 

and L P'PQ = 0. Hence, from the right-angled triangle PP'Q, 

we have / n ' * q^ 

X - x-r cos 0, y - y = r sm ^, 

tane=<iy, 

X ~~ X J 

which are the relations required. The two latter are immediately 
deducible from the two former. 
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S9, It is important to observe that by "the cmgle which PP' 
makes with OX/' we mean the angle through which OX jnust 
be tnrne<i towards OYy before it becomes parallel to PP , with 
the point X on the same side of O that P is of P> Thus, in 
(figs. 9 and 10), Q is the angle which PP makes with OX, and 
the angle which PP makes with OX. 

Also by the distance PP we mean the distance measured 
from P to P y and not from P to P. 

These remarks are made to avoid ambiguity in speaking of 

angles and distances, and will be found particularly important 

when we come to consider distances measured along revolving 

lines. 

Prop. II. 

40. To determine the area of the trapezium PMMP' 
(same figure). 

Let A be the required area ; then 

2^ = 2 area PMM'Q + 2 area PQP 

= 2y (x -x) + (y' - y) {x' - x) 

= iy + y) (^' - ^)> 

which gives the required area. 

Prop. III. 

41. To find the area of the triangle whose angular points 
are (xy), {x'y'\ {xy). 

Let PPP' (fig. 11) be the triangle, draw PM, PM', P'W 
perpendicular to OX ; then, if A be the required area, we have 

A ^ PMM'P + PM'M"P' - PMM'P'. 

Hence, by the preceding proposition, 

2A^{y' ■^y){x' -x)^{y" ^y'){x -x')-{y" ^y){x -x\ 

or 2 A = (y' + y) {x - ;r) + {y + y) {x - x) + (y + y") {x - x"\ 

which gives the required area in a remarkably symmetrical form. 

42. Cor. In exactly the same way we may shew that twice 
the area of any polygon, whose angidar points are {xy\ {x'y*), 
(x'y") (^^"V^O^ is equal to 

(y'+ y) ix'-x) + {y\y') {x-x') + (y"'-^y) (^"-^")-+ (y+y^"0(^-^"^> 

By this formula we may easily determine the area of a field 



N, 



16 PLANE CO-ORDINATE GEOMETRY. 

whose boundaries have been determined by means of what are 
called offsets in surveying. 

Method of representing Curves by Equations. 

43. We shall now explain the manner in which co-ordinates 
may be applied to determine the forms of curves ; it is in this 
application of them that Co-ordinate Geometry chiefly consists. 

Let X and y be the co-ordinates of any point P, and suppose 
that there is given, not x and y, but only some relation between 
them ; then we may assign any value we please to Xy and, by 
means of the given relation between x and y, find a correspond- 
ing value of y. If we give to x any set of values OM^ OM*, 
OM"y &c. (fig. 12), and find the corresponding values of y, 
MPy M'Py M"P'y &c. suppose, the point we are considering 

may be in any of the positions P, P', P', &c ; and, since the 

values we give to x may differ firom each other as little as we 
please, it is clear that there is, in general^ some continuous line or 
curve in which all the positions of the point will be found. We 
say, in generaly because in certain cases the point may occupy 
only isolated positions, as we shall presently shew. We have 
supposed that there is only one value of y for each value of a:, 
but the given relation may furnish more than one value; in such 
a case all that we have just said still holds true, only the curve 
in which the various positions of P are found will consist of 
more than one branch, as in (fig. 13). 

44. Hence it appears that, when there is given not x and y, 
but only some relation between x and y, the position of the point 
(xy) is indeterminate, but is so far restricted as to be always 
found upon some line or curve (in general), the form of which 
depends, of course, upon the nature of the given relation. 

45. When an indeterminate point is restricted by conditions 
of any kind to occupy some one of a particular series of posi- 
tions, that series of positions is called the locus of the point. A 
relation, therefore, of any kind between x and y represents in 
general some locus, namely, that series of positions which the 
point {xy) may occupy consistently with the given relation. 
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46. In the following pages we shall only consider those 
relations between x and y which may be expressed by ordinary 
equations (for there are relations which cannot be expressed by 
means of ordinary equations); and therefore every locus, we 
shall be concerned with, will be represented by some equation 
between x and y, by means of which we shall investigate its 
nature and properties. 

47. We therefore define the locus, represented by an equa- 
tion between x and y, to be the assemblage of all the points 
whose co-ordinates satisfy that equation. 

48. Hence if h and k be quantities which, substituted 
for X and y, satisfy the equation, (hk) must be a poiat of the 
locus. 

49. The following examples will shew the nature of this 
method of representing loci by means of equations. 

To determine the nature of the locus represented by the 
equation y = x - a^ a being some known positive distance. 

Take OM (fig. 14) as any value of Xy let OA = a, draw 
MP perpendicular to OX, and take MP = MA ; then, since 
MP = OM - OAy MP is the value of y corresponding to the 
value OM of x; and therefore P is a point of the locus to be 
determined. 

Now, since MP = MA, the angle PAM= 45° ; therefore P 
is a point on the right line drawn through A at an angle 45° to 
the axis of x ; and this is true whatever value of x we suppose 
OM to be. Therefore all the positions of the point (xy) are 
found on this line ; and hence the equation (y - x - a) repre- 
sents a right line drawn at an angle 45° to the axis of x, and 
cutting it at a distance a firom the origin. 

To determine the nature of the locus represented by the 
equation, a? - 2ax = 2ay - y* - a'. 

This equation may evidently be put in the form 

(x - of + (y - af = a*. . . .(1). 

Now, by Art. 38, (x - of + (y - bf is the square of the distance 
of the point (xy) firom the point (aa) ; therefore, by the equation 
(1), the point (xy) is always at a distance a from the point (aa). 

c 
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Hence, if C and P (fig. 16) be the points {ad) and {xy\ CP is 
equal to a whatever value we give to x. Therefore the given 
equation represents a circle whose centre is C and radius a. 

Having thus explained the method of co-ordinates, we now 
proceed to apply it in detail to the investigation of the properties 
of right lines, circles, and various other curves, and the solution 
of several interesting and important problems. 



CHAPTER III. 



OF THE EQUATION OF THE RIGHT LINE. EQUATIONS OF BIGHT LINES 
SUBJECT TO VARIOUS CONDITIONS. MISCELLANEOUS PROPOSITIONS. 
PROBLEMS. 

Of the Oenercd Equation of a Right Line. 

Prop. IV. 
50. To shew that the general equation of the first degree 
between x and y represents a right line.* 

Every equation of the first degree between x and y is included 

intheform Ax + By = C (1), 

Ay B and C being any quantities independent of x and y ; and 
this equation is therefore called the general equation of the first 
degree. 

Let {x'y)y (x'y") be any two points of the Ibcus, whatever it 
be, represented by (1); then x'y y', and x\ y" put for x and y 
must satisfy (1) (Art. 47), and we have therefore 

Ax + By' = Cy 
Ax" + By" = C ; 
and, subtracting these equations, we find 

B^x"--x' 
Now if be the angle which the line joining (x'y') and (x'y'') 
makes with the axis of a;, we have, by Prop, i., 

tan e = ^j, " ^, . 
X - X 

Hence we find tan © = -:-=. 

B 

* Hence it is that an equation of the first degree is often called a linear 
equation. 

c2 
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It appears therefore that the right line joining any two 
points of the locus represented by (1) always makes an invariable 
angle with the axis of x ; which can only be true of a right line. 
Therefore (1) represents a right line. Q. e. d^ 

A . 

61. Cor. Hence - -^ is the tangent of the angle which the 

right line (Ax + Bt/ = C)* makes with the axis of x ; i. e. the line 
OX must turn through an angle tan"* - ( -5 ) towards Y", in 

order to become parallel to the line (Ax + By = C) (see Art. 39). 
Hence, ifAB (in either fig. 16 or fig. 17) be the line represented 
by the equation, BAXy not BAO, is the angle whose tangent 
A 

IS. ^. 

Prop. V. 

62. To determine, conversely, the general equation of a 
right line. 

Let AB (fig. 18) be any right line, P any point of it, and 
0M(- x), MP (= y), the co-ordinates of P: then, whatever be 
the position of P on AB, we have PM: MA in some invariable 
ratio, B : A suppose ; hence, putting OA = a, we find 

^ « -jtOr Ax + By « Ba = C, suppose ; 

which equation, being a relation between the co-ordinates of any 
point of the right line, is the equation required. 

Prop. VI. 

63. To determine the portions which the line (Ax + By=C) 
cuts off from the co-ordinate axes OX, OY. 

Let BA (fig. 19) be the line (Ax + By = (7), meeting OX 
and OY ia A and B respectively ; then 0-4, OB are the portions 
the line cuts off from OX, Y. Now A is a. point of the right 
line, and the co-ordinates of A are OA and ; therefore the 
equation must be satisfied when we put x = 0-4, y «= 0; i,e, 
OA is the value of x got from the equation by putting y = 0. 

* By the line (Ax ^-Byt^C) we mean the line represented by this equation. 
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Similarly OB is the value of y got by putting z = 0. Hence 
we have q q 

0A= -T, 0B= — . Q.E.F. 

A . x> 

54. Cor. Hence we may easily construct the right line 

represented by any given equation, as the following examples 

will shew, viz.: 

8a: + 2y = 6a (1), 

3a; - 2y = 6a (2), 

- 3a: + 2y = 6a (3), 

3a: + 2y = - 6a (4), 

X ^ a . , , (5), 

y = h (6). 

In (1) we have a: = 2a when y «= 0, and y = 3a when a: = ; 
therefore take OA = 2a, OB = 3a (fig. 20), and AB is the right 
line represented by (1). 

In (2), OA = 2a, OB = - 3a, therefore fig. 21 represents (2). 
In (3), OA = - 2a, OB = 3a, therefore fig. 22 represents (3). 
In (4), OA = - 2a, OB = - 25, therefore fig. 23 represents (4). 
(5) represents a series of points all at the same perpendicular 
distance from OY, i.e. a right line parallel to OF (fig. 24): and 
similarly (6) represents a right line parallel to OX (fig. 25). (5) 
and (6) may be put in the forms 

a: + 0,y = a, 0.a;-fy = a, 
from which it appears that OA = a, OB = oo in the former, and 
OA = 00 , OB = a in the latter. 

65. There is one case to which this method cannot be 
applied, namely, when the equation occurs in the form 

Ax + By = 0, 
for in this case OA and OB are each zero, which shews that 
the line passes through the origin, but does not determine its 
position. But we may immediately find its position, since, by 
Prop. IV. Cor., the tangent of the angle (©) it makes with OX 

A 

is - -= . For example, to construct the lines represented by 

«+ y = o (7), 

« - 8y = (8). 
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Sir 

In (7), tan fi = - 1, and therefore 0= — , and fig. 26 represents 

the line. 

In (8), tan e = J, and therefore if we take 0M= 3, MP = 1, 
(fig 27), the line drawn through and P is that represented 
by (8). 

56. Of certain forms in which the equation of a right line 
may be put. 

(1) If we divide the equation by C, and put ~ = -* tv = t * 
it assumes the form x y , * 

— 4- — n= 1 * 

a 
Here a and b are the portions which the line cuts off from 
the axes OX, OY; for x = a when y = 0, and y = b when x= 0. 

A C 

(2) If we divide by B and put - -^ = m, — = c, the equation 

assumes the form y = mx + c. 

Here m is the tangent of the angle which the line makes with 
the axis of x ; and, since y = c when a; = 0, c is the portion cut 
off from the axis of y. If therefore we take OB = c, and draw 
the line AB making the angle BAX = tan~^m (as in fig. (28) if 
m be positive, or as in fig. (29) if m be negative), AB is the 
line represented by the equation. 

(3) If we put tan for m in the equation y = mx + c, multi- 
ply by cos 0, and put c cos =p,it assumes the form 

y cos fi - a? sin 6 =p. 

Here is the angle which the line makes with the axis of x ; 
and, if we draw OQ perpendicular to AB, p = OQ ; for 
j» = c cos = OJS cos BOQ = OQ, 

* This equation may be proved geometrically as follows. In fig. (18) we 

^a^® NP^BP^ MP AP 

OA" BA' OB'^AB' 
NP MP AB 



" OA OB^ AB 

X • V 

or - + r = 1- 
a 



= 1, 



,,.:m , vmwm- I I IIMI III W ^^^W^H-^BWV^V^HWf^v^l^a^mpaVSI^^IIfpvqpi 



si 
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57. Hence it appears that, when the equation of a right line 

is put in the form ^ ^ 

- + - = 1 
a 

a and h are the portions it cuts off from OX and Y. 
When it is put in the form 

y = mx + Cy 
m is the tangent of the angle it makes with OX, and c is the 
portion it cuts off from Y. 

And when it is put in the form 

y cos 6 - X sia 6 = p, 
is the angle it makes with OX, and p is the perpendicular 
upon it from 0. 

Of the Equations of Right Lines subject to vanous Conditions, 

58. When we have occasion to write down the equations of 
several different lines at the same time, we shall not make any 
distinction between the a:'s and y's in the different equations, 
but write the same x and y in each of them : which amounts 
to supposing that {xy) is any point on any of the lines. Thus, 
suppose we have to consider two lines ; then, instead of saying, 
let their equations be 

Ax^By^ O, jUx' + By' = O', 

we shall simply say, let their equations be 

Ax + By^C, (1), A'x + By^C (2). 

This being the case, it will be important to remember that (xy^ 
in (1) denotes a point on the line represented by (1), and (xy) in 
(2) a point on the line represented by (2) ; and that therefore 
(jcy) in (1) must be a different point from (xy) in (2), except at 
the intersection of the two lines. 

59. The general co-ordinates of any point of a locus, 
between which the equation of that locus is a relation, have 
been called by some writers the current co-ordinates of the 
locus ; and the other quantities involved in the equation, which 
are independent of these co-ordinates, and serve to determine 
the position and form of the locus, are generally called the 
parameters of the locus. Thus, in the equation of the right line, 
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X and y are the current co-ordinates, and Ay B^C the para- 
meters. These names are very convenient in many cases. 

Prop. VII. 

60. To determine the form of the equation of a right line 
when it is restricted to pass through a point (Ai), or through two 
points (hk) and (Kk'). 

Let the equation of the line be 

Ax^By^ C (1). 

Then, since {hJc) is a point of it, we have 

Ah-\^Bk= C (2). 

(2) determines one of the parameters -4, JS, C in terms of the 

other two, and expresses the condition necessary in order that 

(1) may pass through (hk). If we subtract (2) from (1), in order 

to get rid of C, we find 

^ (a; - A) + J? (y - A) = (3) ; 

and, since this equation is manifestly satisfied when x ^h and 

y = A, it is the general equation of a right line restricted to pass 

through the point (hk). 

If the line also pass through the point (h'Jc), (3) must be 

satisfied when x =^h' and y = k' ; therefore 

A(h' ^h) + B(k' -k):=0 (4), 

(4) is the condition necessary in order that the line (3) may pass 

through (h'k') ; and, if we substitute in (3) the value of A-r B 

got from (4), (3) becomes 

X - h y - k ^ ,-v 

which is the equation of a right line passing through the two 
points (hk) and (h'k'), 

61. Cor. Hence the equation of the line drawn through 
(hk) at an angle to the axis of x is 

(x - h) sin -(y - k) cos 6 = 0, 

JO 

as is evident by putting in (3) for -— its value (- tan 0), 

.A. 

Prop. VIII. 

62. To find the conditions necessary in order that two right 
lines (Ax -\- By = C) and (A'x + B'y = C) may be parallel or 
perpendicular to each other. 



K^"^-""^* f , 
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If and ff be the angles which these lines make with OX, 

we have, by Prop. iv. Cor., 

A A' 

tan = — ^ , tan 0' = - —■ . 

Hence, if the lines be parallel and therefore O' « 6, we have 

And if the lines be at right angles, and therefore ©' = © + - 
which makes tan 9 = - cot fl, we have 

£f A ^^^' 

(1) and (2) are the conditions required. 

63. Cor. 1. Hence the lines (^iC+jBy=f7) and (-4:2:+ jBy=C^) 
are parallel, and the lines (Ax + By = G) and {Bx - Ay = C) are 
perpendicular to each other. 

Cor. 2. Hence, and by Prop, vii., the equation of the lines 
drawn parallel and perpendicular to {Ax + By = C), through 
the point (AA), are respectively, 

A{x-h)+ Biy-k)^ 0, 

B(x-h)-A{y-k)=0. 

Miscellaneous Propositions respecting Right Lines, 

Prop. TX. 

64. To determine the point of intersection of two right lines, 
viz. Ax + By=C (1), 

A'x + B'y= C (2). 

As we have explained in Art. 58, a; and y are not the same 

quantities in (1) that they are in (2), except they belong to a 

point common to both the lines : suppose therefore that x and y 

are the same in (1) and (2), and then (xy) is a point common to 

the two lines. Now, on this supposition, (1) B' - (2) B and(l) 

A' - (2) A give 

CB- C'B CA' - CA 

^ " AB-A'B' y" BA'- BA' 

The values of x and y thus determined are the co-ordinates of 
the point of intersection required. 
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66. Cor. These values of x and y become infinite when 
AJB* - A'B = 0, as they ought to do, for then, by Art. 62, the 
two lines are parallel. 

Prop. X. 

66. To find the angle which the line (^A'x + By = C) makes 
with the line (^Az + By = C), 

Let ^ be the required angle, and 6', the angles which the 
two lines make with the axis of x ; then we have 

^ = 0'-0, Umff = -^, tane = -4; 

^A_ A 
and therefore tan ^ = , ; 

^^ ^B 

^ ^ AB - A'B 

or tan 6 = —- -. ^ , 

^ AA!^BB 

which determines 0. 

nr.^ T2 ^ AA'-^BB 

CoR. Hence cos = 



Prop. XI. 

67. To find the equation of a line making a given angle (0) 
with the line {Ax + By = C). 

The angle which the required line makes with the axis of x 

is + tan"* ( " ^ ) ' ^^^ ^^ tangent is therefore 

A 
tan (b — = -n • 

^ B B 8m. ^ - A cos <p 

A ' -B cos + -4 sin * 

1 + tan — 

Hence the equation of the required line is, by Art. 51, 
(A cos - -B sin 0) a? + (-4 sin + 5 cos 0) y = C. 

Prop. XII. 

68. To find the length (r) of a right line drawn, at an angle 
to OX, from a point (hk) to a line (Ax + By = C). 

Let us suppose (xy) to be the point where the former line 
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meets the latter ; then, by Prop, i., 

X = h + r COS dy y = A + rsinfi; 
and, substituting these values in Ax + By = (7, we have 

r(A cos 9 + B sin 0) + Ah + Bk = C; 

. ^. r C-Ah-Bk 

and therefore r = — j: — =—-, — jr, 

A cos ^ + ^ sm 6r 

which is the required distance. 

Prop. XIII. 

69. To find the perpendicular distance of a point (hk) from 
a right line (Ax + By = (7). 

Proceeding as in the last proposition, we have 

r(Aco&e + B sin 0) = C- Ah- Bk (1). 

And since r is perpendicular to (Ax + By = C), we have, by- 
Art. 51, ^ ?/j t\ a ^ a ^ 

tan [d — = - — , or cot ^ = -- : 
V 2/ B' A 

and therefore r(B cos B - A sm 9)^ (2). 

Squaring and adding (1) and (2), we find immediately 

^ C'-Ah-Bk ^ 
"*"" ^(A' + B") ' 
which is the required perpendicular distance. 

* This result may be arrived at geometrioally as follows : 
Let AB (fig. 61) be the line {Ax \ By ^ C), and P the point (hk) ; draw 
A'B through P parallel to AB, and draw OQQ perpendicular to both these 
lines; then QQ' is evidently the perpendicular distance required. Now the 
equations of AB and A'B are 

Ax^- Bt/s Cf 

Ax^By^ C\ where C'^Ah^Bh', 
and we have therefore 

OQ = OA sin QAO = — ; — j,^^^, ; 

V(l + cot*Q-40) 

C A 

which, since OA = — , tan QAO = — , gives 

A Jo 

0Q= ^ 



V(^'+-B')' 

TT ^^>- ^-^' C-Ah-Bk 

nence «^ «^ - -^^-^^^-^ - ^^^, ^ ^^ . 



28 PLANE CO-ORDINATB GEOMETRY. 

70. Cor. Hence the perpendicular distance of the line 

Q 

{Ax -^ By^C) from the origin is -— — —j- . 

Prop. XIV. 

71. To find the equation of a right line passing through the 

point of intersection of the two lines {Ax + By « C) (1) 

and {A'x + By ^ C) (2). 

We may put the equation of any right line whatever in the 
form P (Ax -^ By - C) -h Q(A'x -h By ^ C) ^ It .... (3), 
for we may make this equation agree with any proposed equation 
of the first degree, by giving proper values to the disposable 
quantities P, Q and It, 

Now, if (1), (2), and (3) intersect in the same point, they 
must be satisfied by the same values of x and y; hence, sub- 
stituting the values of x and y which satisfy (1) and (2) in (3), 
we find = i?. 

Hence (8) becomes 

P(Ax+By-C)+ Q (A'x + By ■- 0')-= . . . . (4), 
which is the required equation, and in which P and Q are arbi- 
trary. Indeed it is manifest immediately that (4) represents any 
line passing through the intersection of (1) and (2); for (4) is 
evidently satisfied by the values of x and y which satisfy (l) 
and (2) ; i. e. the intersection of (1) and (2) is a point on (4). 



Various Problems respecting Right Lines. 

72. To determine the area of the triangle BPB (fig. 30), 
having given the equations of the lines BP and BP, 

Let the given equations be 

y = mx + c (1), y = m'x + c (2), 

draw PQ perpendicular to OY", and let A be the area required : 
then - 2 A = BB. PQy and BB ^ OB -^ OB. 
Hence, since OB and OB are the values of y got from (1) and 
(2) by putting a: = 0, and PQ the value of x got by subtracting 
(2) from (1), we have r^' __ ^j 

2 A = — ; , 

m - m 
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73. To determine the area of a triangle, having given the 
equations of its three sides. 

Let BP, JSP, B'P (fig. 31) be the three sides of the tri- 
angle PPP'y produced to meet OY in By -B', B'; and let the 
given equations of J?P, BPy B'P' be 

y = mx + c, y = m'x + c', y = rnx + c\ 
Then, if A be the area required, we have 

A = BPS + B'PB' - BPE ; 
and therefore by the previous problem 

^.A = — J -I- — 7, ; -r -T, . 

m - m m -m m - m 

74. To inscribe a square (JPPM'M) (fig. 32) in a triangle 
BAA'y one side of the square being upon the side AA* of the 
triangle. 

Take the side AA' produced and the perpendicular upon it 
jBO as co-ordinate axes; let OA = a, OA' = a, OB = J; then 
the equations of AB and A'B are 

^ J. y- 1 rn ^ 4- y- 1 r2v 

— Tr"— JL«««»V^i^, ""rlT""* ..•••••••• \^^ * 

a a 

and, if PjJf = c, the equation of PP is 

y = c (3). 

Now, since MPPM' is a square, 

c = JOf' = Oitf ' - OM. 
Hence, since OM is the value of x got from (1) and (3), and OM* 
the value got from (2) and (3), we have 

"•■('-i)-«('-i> 

which gives _ (a' - a) . J 

a' - a + J * 
which determines the side of the square required. 

75. This suggests the following geometrical construction. 
Take OQ = AA!y join QAy and draw OP parallel to QA ; then 

P is one comer of the square. For, drawing PP parallel to AA!y 
we have ppf jpp jjq 

aa: ^ ba^ bq' 
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PF b 

or -7 = -; :r, 

, a— aa— a-k^o 

which Qhews that PP = c. 

76. B (fig. 33) is a fixed point on OY, Q is a moveable point 
on OX, BQP is a right angle, and -BQ : QP is an invariable 
ratio ; to determine the locus of P. 

Let OB = b,QP:BQ = m: 1, OJlf = a:, and MP = y ; 

then, since the triangles OBQ and QPJf are similar, we have 

OQ = ^ , Q3f = mby and therefore x=^+ mb, 
m tn 

or y ^ m(x - mb). 

Hence the locus is a right line, which may be constructed thus : 
take OR = mOB, draw RP perpendicular to BR, and RP is the 
locus required. 

77. To determine the equation of the right line passing 
through one angle of a triangle and cutting the opposite side in 
a given ratio, having given the equations of the sides of the tri- 
angle to be y cos - a: sin e =j» (1), 

y cos 0' - a: sin 0' =/ (2), 

y co^ 9' - X Anff ^p (3). 

Let the required line pass through the angle made by (2) and 
(3), and cut the side (1) in the ratio mm ; and let f^ and r" be 
the distances, drawn parallel to (1) (i.e. at an angle to OX), of 
any point (xy) of the required line from (2) and (3). Then, by 
Prop. XII., we have, (putting a; + r' cos 0, y -h r sia fox x and 
y> ui (2),) 

^ = - — 77i — Tuz where, for brevity, u' =^ p' - y cos ff + :i; sin O' : 

8Ui(p - ff) Jr ^ 

and similarly 

// 

^' = "■: — 77i — aTx where u ^ p - y cos 9' + a: sin ©", 
sm (0 -Q) i- if 

^and we evidently have r :r ::m:n; hence 



mu" _ nu* 

sin (0 - r) "" sin {9 - O') 



(4), 
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fit 71 

which is the required equation. 

78. If three lines, drawn through the three angles of a 
triangle, and cutting the opposite sides in the ratios m : w, m' : n', 
m : vH respectively, meet in the same point \ then 

• mm'm - nrin . 
For (4) represents one of these lines, and the two others are in 
like manner represented by 



mu fi!u 



(5), 



sin(e'-6>) sm(0'-r) 

(6), 



7/ / // 

mu nu 



sin(r-e') sin(r- e) 

where u (in the same manner as t/ and u) represents 

(p - y cos + X sin 0). 
Now, if the three lines meet in the same point, we may sup- 
pose X and y, and therefore u^ vly u to have the same values in 
the three equations ; and then, midtiplying the three equations 
together, we find immediately 



mmm!' = nn'n". 



79. If m = » and m' = w', then this result shews that m" = n". 
Hence it follows that if two of the lines bisect two sides of the 
triangle the third will bisect the remaining side. 

80. Representing the three sides of the triangle by the same 
equations (1), (2), and (3), to determine the equation of the right 
line drawn through the angle formed by (2) and (3) and perpen- 
dicular to (1). 

By Prop. XIV. the equation of any line passing through the 
intersection of (2) and (3) is 

P(y cos ff-x sin & - p') ^-Qiy cos Q" -xsmff' -/')= ... (7); 
and, this line being perpendicular to (1), we have 

P cos d' + Q cos 9' ^ t^ 

P sm e^ + Q sm yf 
or P cos (d - &\^- Q cos (9 - ff') = 0. 
Hence (7) becomes u u" , 

cos (e - e') " cos (d - r) ^ ^* 
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81. The equations of the other two perpendiculars are in 

(9), 



like manner „•• ^^ 



cos (ff-ff') cos («- - 0) 

u u 
cos (r - 0) " COS (ff' - ff) ^^^^' 

Now if we suppose x and y, and therefore u", to have the 
same values in (8) and (9), and if we multiply the two equations 
together, we find ^' ^ 

cos (0' - r) " cos (0 - ff') ' 

which is identical with (10). Hence the same values of a; and y 
which satisfy (8) and (9) satisfy (10) also ; i.e, the intersection of 
(8) and (9) is a point on (10). It appears therefore that the three 
perpendiculars meet in the same point. 

82. To determine the equation of the right line drawn 
through and bisecting the angle made by (2) and (3). 

As before, (7) represents the line drawn through the angle 
formed by (2) and (3) ; but since it bisects the angle formed by 
two lines inclined at angles ff, ff' to OX, it must make an angle 

with OX. We have therefore 

2 

P sin e' + Q sin r ^ ff + ff' 
PcosO'+Qcosr 2 ' 

„ . ff'-ff ^ . ff-ff' 

or F sm + Q sm ; 

2 2 

and therefore P = Q. 

Hence the equation required is 

u'==u" ' (11). 

83. The equations of the bisectors of the other two angles 
are in like manner u" = u (12), 

u^u' (13). 

And reasoning exactly as in the previous case, we may 
immediately shew that the three bisectors meet in the same 
point. 

It is remarkable that the equation of the line passing through 
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and bisecting the angle formed by the lines (y cos - a: sin = jt?) 
and (y cos O' - a: sin O' =y) should be 

y cos - aj sin - p = y cos 0^ - a; sin 9 - p'. 

84. Having given a set of n points {hk)y {h'k'\ (h"k"), &c., to 
draw a right line in such a position that the sum of the perpen- 
diculars let fall upon it from the given points shall be equal to 
zero, (i. e. the sum of those on one side equal to the sum of those 
on the other). 

Let the equation of the required line be 

y cos - X sia =p (1), 

then the perpendiculars upon it from the given points are, by 

Prop. XIII., 

p-kcosO + h sinO, jo - A' cos + A' sin 0, p- k" cos 6+h" sin 0, 

&c 

Hence, if the sum of the n perpendiculars be zero, we have 

wp - (A + A;' + k"...) cos -f (A + A' + A"...) sin = ; 
or, for brevity, putting 

k + k' + ¥ = wAj, A + A' + A" = wAj, 

we have p ^\ cos - A, sin 0; 

and, putting this value oip in (1), we have 

(y - A,) cos - (a: - AJ sin = 0, 
which is the required equation. It is the equation of any line 
passing through the point (AjAJ, for may have any value what- 
ever. 

Hence, if we draw any right line through the point whose 

,. , A + A' + A" + &c. , A + A' + A" + &c. , 

co-ordinates are and , the 

n n 

sum of the perpendicxdars let fall upon it from the points 
(AA), (A'A), (A"A"), &c. is zero. 



D 



CHAPTER IV. 



OF OBLIQUE CO-ORDINATES. MODIFICATIONS NECESSABT IN THE PRE- 
VIOUS RESULTS WHEN THE CO-ORDINATES ARE SUPPOSE!) TO BE 
OBLIQUE. POLAR CO-ORDINATES. TRANSFORMATION OF CO-ORDINATES. 

Of Oblique Co-ordinates. How theprevums results are modified 

when the Co-ordinates are Oblique, 

85. It is sometimes convenient to make use of axes of 
co-ordinates inclined to each other at some given angle different 
from a right angle. In such a case, if OYy OX be the axes 
(fig. 34), and PM^ PN respectively parallel to them, we con- 
sider OiJf and ON to be the co-ordinates of the point P. Axes 
and co-ordinates of this kind are denominated oblique axes and 
oblique co-ordinates ; those we have been previously making use 
of being called rectangular in contradistinction. 

86. All that we have said, as far as the end of Art. 37, is 
equally true whether the co-ordinates be rectangular or oblique, 
and the same may be said of Articles 43-48, 53-55, the first 
form of 56, 58-60, 64, and 71. In the other Articles some 
alteration must be made. 

87. Thus, instead of the formulae in Prop, i., we have the 
following (w being the angle YOXy or, as it is called, the angle 
of ordination), viz. 

sin (a> - 0) , sin 

sm to sm it) 

r' = (a;' - xj + iy' - yj + 2 (x' - x) (y' - y) cos w, 

sin 



_y -y 

sin (w - 0) x' - x' 
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The truth of these formulae is evident from fig. 35 (which 
corresponds to fig. 8), in which 

88. Prop. IV. is equally true whether the co-ordinates be 
rectangular or oblique; only, in the latter case, instead of 
saying that ^ y' - y A 

X '- X B 
we must say, that, by Art. 87, 

sin 9 _ y' ^ y __ A 
sin (w - 0) X - X B 

89. Hence, instead of the Cor. to Prop, iv., we mugt say, 
tliat, ^ sin (o> - 0) + 5 sin = 0; 

therefore A (sin w - cos oi tan 0) 4 -B tan 0=0; 

and therefore tan = -r = , 

A cos u) - B 

which is the tangent of the angle the line (Ax + Bt/ = C) makes 
with the axis of x when the co-ordinates are obKque. 

90. The condition of parallelism in Prop. viii. is equally 
true whether the co-ordinates be rectangular or oblique ; only 
in the latter case, instead of saying that 

tan = - — , tan 0* = - — , 
IS Jj> 

we must say, that, by Art. 87, 

sin d A sin & _ A' 

sin (ai - 0) " "" £ ' sin (ai - fl') "" ~ ^' 

91. The condition of perpendicularity in Prop. viii. must 
be altered as follows. 

By Art. 89, we have 

tan 9 . {A cos w - J5) = ^ sin w, 
tan . (A! cos w - B') = -4' sin w ; 
and hence, since tan 6. tan ft* = - 1 , we have 

{A cos to - B) (A' cos w - B') + AA' sin' ci ; 
or A' (A " B cos ij)-\- B (B - A cos w) = 0, 

which is the required condition instead of (2), Prop. yiii. 

d2 
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Hence it follows that 

- (B -' A cos u) X -^ (A - B cos uf)y = 

is the equation of a line perpendicular to the line (^Ax + By = C), 
the co-ordinates being oblique. 

92. Prop. X. must be altered as follows. 

By Art. 89, we have 

A' sin uf A sin w 

A' cos w- B A cos w - B 

tan ^ = ^— i 



A' sin u) A sin w 

1 + 



A' cos tM) - B' A cos w - B 

^ (AB - A'B) sin w 

AA' + BB' - (A'B + BA) cos c^ * 

From this expression, by putting ^ = 0, or - , we obtain the 

conditions necessary in order that two right lines may be 
parallel or perpendicular to each other. 

93. Lastly, Props, xii. and xiii. must be altered as follows. 

By Art. 87, we must substitute in the equation Ax + By = C 

the values > ^ n>. . /» 

, sm (w - y) , sm u 

x-h + r : 'y y==k + r-, — ; 

sm 01 sm <t> 

and then we have 

r {^ sin (a, - d) + 5 sin 0} - (C- Ah- Bk)siaio .... (1), 

which gives r. 

If r be perpendicular to (Ax -^ By = C), - - must be the 

angle which the latter line makes with the axis of x ; and there- 
fore, by Art. 89, we have 

«» -4 sin w ^ / ^ 7r\ 

-. = =tane--=-cot0 (2). 

A cos w -^ B \ 2/ 

If for a moment we put -B - ^ cos w = X, -4 sin w = /u, (1) 
and (2) x r become 

r Ciu cos + A sin d) = (C- ^A - Bk) sin w, 
r (/u sin 0-X cos 9)= 0; 
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hence^ squaring and adding^ we find 

r' (X' + )uO = ( (7 - ^A - Bky sin'^ cu ; 

, ^r n (C - Ah - Bk) sin ai 

and therefore r = -^r-r^ — --p= — ^ ^^ ; 

V(-4' - 2^-B cos w + -B*) 

which is the expression for the perpendicular distance of (hk) 
from (Ax + jBy = C), the co-ordinates being oblique. 

Of Polar Co-ordinates, 

94. Besides the method of rectangular and oblique co-ordi- 
nates just explained, there is another method often employed, 
namely, that oi polar co-ordinates, which consists in representing 
the position of a point in the following manner. 

Let P (fig. 36) be the point whose position we wish to repre- 
sent ; choose any line OA and any point upon it, join OPy 
assume OP = r and L POA = 6; then the position of the point 
P is given when the values of the quantities r and are given. 
These quantities are called the polar co-ordinates oi P\ is 
called the pohy r the radius vector ^ and OA the prime radius; 
is sometimes called the vectorial angle, though it is not usually 
distinguished by any particular name. 

95. The sign - is applied to polar co-ordinates on exactly 
the same principles as those already explained in the case of 
rectangular co-ordinates. Thus, if r represent any distance 
measured from O towards P, - r represents an equal distance 
measured in the opposite direction firom O towards P"; and if 
represent any angle measured from A towards P, - will repre- 
sent an equal angle measured in the opposite direction from A 
towards Q. A few examples will make this clearer. 

96. Let a be any distance measured from towards B, 
being the angle which OP makes with OA (see Art. 39) ; then 

= - r = a represents P in fig. 37, 
6 = - r = - a fig. 38, 

^ ~ r = - a fig. 39, 

0= TT r ^- a fig. 40, 

= —- r= a fig. 41. 

4 
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It is important to observe that the direction in which r is 

measured depends, not only upon its sign, but also on the value 

Sir 
of ; thus when fi = — and r - - a. r must be measured from 

4 

towards P (fig. 39); and when = — and r ^^ a, r must be 

measured in exactly the same direction. Again, when = and 
r =a a, and when = tt and r - - a, r must be measured in both 
cases from towards A. 

Prop. XV. 

97. To determine the distance between two points whose 
polar co-ordinates are (r, d), (r', ff). 

Let P, r (fig. 42) be the two points, POA = 0, TOA = ff^ 
OP = r, OP = r' ; then in the triangle POP, we have 

ppn ^OP'^ OP" - 20P.0P cos POP, 

or PP = ^(r" + r' - 2r/ cos (ff - 0), 

which is the required distance. 

Prop. XVI. 

98. To determine the polar equation of a right line. 

In the same manner that curves and lines are represented 
by equations between x and y, they may also be by equations 
between r and 0, which are called polar equations. Thus, let 
BP (fig. 43) be any right line, P any point of it, OP (= r), 
and POA (= 0), the polar co-ordinates of P; and let OB = a, 
PBA=^; then 

OP : 0J5 :: sin PBA : sin BPO, 

or ~ - ^^^^ 

a " sm(fi-0y 

which is a relation between the polar co-ordinates of any point 
of the right line, and is therefore the polar equation required. 

99. CoR. This equation may be put in the form, 

Ar cos + Br sia0 = C, 

which is therefore the general form of the polar equation of a 
right line. 
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Transformation of Co-ordinates, 

100. It is often necessary to change^ or, as it is called, to 
transform the co-ordinates which represent the position of any 
point from one set to another; for example, supposing the position 
of the point expressed by rectangular co-ordinates, to express it 
by oblique or polar co-ordinates. We now proceed to shew how 
transformation of this kind may be effected in various cases. 

Peop. XVII. 

101. To transform polar co-ordinates into rectangular, or 
vice versd. 

Let P (fig. 43 bis.) be any point, and OP (= r), POAi^O) 
its polar co-ordinates; take OAX as axis of x, and OY drawn 
at right angles to OA as axis of y ; draw PM perpendicular 
to OX, and then OM (= x% MP (= y) will be the rectangular 
co-ordinates of P. Hence we have 

X'=r cos 0, y = r sin (1), 

which give x and y in terms of r and ; also 

r = V(ic' + y'), tan 0= ?^ (2), 

which gi,o r ».d 9 b tenn. Of . »d ,. ' And 4», fr,« .he 

polar we may obtain the rectangular co-ordinates of a point, or 
vice versd. 

Hence, by making the substitutions (1) in any equation 
between x and y, we change it into a polar equation ; and by 
making the substitutions (2) in an equation between r and 0, we 
change it into a rectangular equation. 

For example, by putting x==r cos 0, y = r sin 0, in the equa- 
tion Ax + By = O, it becomes Ar cos + J5r sin = C ; which 
agrees with the result of Art. 99. 

Prop. XVIII. 

102. To turn rectangular axes round their origin through 
any required angle (a). 

Let X and y be the rectangular co-ordinates of any point P 
(fig. 44), and r and its polar co-ordinates, as in the last 
article; then 

a: = r cos = r cos (6 - a + a), 

= r cos (0 - a) . cos a - r sin (0 - a) . sin a, 
and y = r sin = r sin (0 - a) . cos a + r cos (0 - a) , sin a. 



'-»-»- ■ » - ■-« ■ ' m 
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Now r COS (0 - a) and r sin (6 - a) are evidently the co- 
ordinates of the point referred to the rectangular axes OX', 
OY'y lX'OX being equal to a; call these co-ordinates x' 

and y'; then 

..^oo,.-y»..,| 

y « y cos a + a? sin a, J 

Hence, if we have any equation between x and y, and we 
make in it the substitutions (1), it becomes an equation between 
a;' and y'. This process, therefore, turns the axes through an 
angle a; i.e. it introduces co-ordinates referred to the axes 
OX', y , in place of those referred to OX, Y. 

108. For example, let the equation between x and y be 

3y — y = d •• (2)^ 

and let a = 45°; then the equations (1) become 

hence (2) becomes 

(x' - yj - (x' + y'y = 2a\ 

or 2xy + a' = (3> 

Thus the equation (2) referred to OX, F, is equivalent to 
the equation (3) referred to OX', OY, I X'OX being 45°. 

104. In making the substitutions (1) we may omit the 
dashes for the same reasons as those explained in Art. 58, and 
then we may enimciate the result of this Article in the following 
manner. To turn the axes of co-ordinates through any angle 
(a), we have only to put x cos a - y sin o in place of a:, and 
y cos a + a: sin a in place of y ; remembering that x and y, after 
these substitutions, are referred to OX' and O Y'. 

Prop. XIX. 

105. To transfer the origin to a point (hk) without altering 
the direction of the axes. 

Let O'X', QOY' be the new axes (fig. 45) which are respec- 
tively parallel to OX and OY, and draw PJf'Jtf^ parallel to OF; 
then OJtf = 0Q+ OM\ MP^QO^MP; or, since 0' is (hk% 

X = h + x', y = k + y' ; 



■ "' ■■ « iii a fci»<»>iBi^>iB ~ «S r ^ » 
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* 

which substitutions, made in an equation between z and y, 
change it into an equation between x' and y\ 

Hence, suppressing the dashes, as in the last Article, it 
appears that we transfer the origin to the point (hh), without 
altering the directions of the axes, by putting h-^xm place of x 
and A + y in place of y. 

106. Cor. 1. Hence, to transfer the origin to a point (hk\ 
and to turn tiie axes through an angle a, we have only to put 
h-\^ X cos a - y sin a in place of x, and A + y cos a + a; sin a in 
place of y. 

107. CoR. 2. In the case of polar co-ordinates it appears, in 
exactly the same way, that to turn the prime radius through any 
angle (a), we have only to put + a for d. 

Prop. XX. 

108. To reverse the positive direction of the axis of x^ or of 
the axis of y. 

If we suppose OX' (fig. 2) to become the positive axis of x 
instead of OX, every distance measured along X'X will become 
the negative of what it was before. Hence it is evident, that if 
we write -x ior x in any equation, it amounts to reversing the 
positive direction of the axis of x. And in the same way, if we 
write - y for y, we reverse the positive direction of the axis 
of y. 

■ 

109. CoR. In the same manner, by writing - for 0, we 
reverse the positive direction of the vectorial angle. 

Prop. XXI. 

110. To transform the co-ordinates from one set of oblique 
axes to another having the same origin. 

Let OX, OY, and OX', OY' be the two sets of axes (fig. 46), 
OMy MP, and OM', M'P, or x, y, and x, y the co-ordinates 
of any point P referred to them; draw M'Q parallel to OX 
and M'R parallel to O F. Then we have 
OM^ OR + M'Q 

^OM'.'^^^M'P,'^^^. 
sm {xy) sm {xy) 
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[We mean by sin (xy) the sine of the angle which the axis 
of z makes with the axis of y, and by sin (x'y) the sine of the 
angle which the axis of x' makes with the axis oi y; and so 
with the rest.] 

Similarly, MP = RM' + QP 

^OM''^^^M'P$^. 
sm(a:y) [aui(xy) 

Hence, if we assume Z (xy) = w, Z (x'x) = o, Z (y'x) = /3, 

we have 

, sin (w - a) , sin (w - 0) 

x^x J i + y ^ ^, 

sm 61 sm (u 

, sin a , sin 3 
y = x -. — + y -7-^; 

sm a; sm (If 

which are the formulae necessary to effect the required trans- 
formation. 

111. Cor. If we wish at the same time to transfer the 
origin to a point (AA), we have only to add h and k to these 
expressions for x and y. 

Prop, XXII. 
lis. In the case of polar co-ordinates, to transfer the pole 
to any point (AA), and turn the prime radius through any 
angle a. 

It is easy to see that we effect this transformation by means 

of the formulae 

r cos 6 = A + r' cos (d' + a), 

r sin = A + r' sin (B' + a), 

which will enable us to change an equation between r and 
into one between r' and ff; it being evident that r' and ff are 
the polar co-ordinates referred to the pole (AA), and to a prime 
radius making an angle a with the original prime radius. 

The use of these various ways of transforming co-ordinates 
will appear as we go on ; we shall often have occasion to refer to 
Props. XVII., xviii., XIX., and xx. 
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Variotcs Problems respecting Lines referred to Oblique 

Co-ordinates, 

113. If (fig. 47) be the middle point of the side YY' of 
any triangle YXY'y and if we draw Y'P, YP through any 
point M of OX ; to shew that PP' is parallel to YY'^ and that 
OX is divided harmonically at the points M and iV, (i.e, the 
reciprocals of OM, ONy and OX are in arithmetical progression). 

Take OX and Y as co-ordinate axes, and let Y = OY'-b, 
OM = a, OX = a! ; then the equations of Y'P and YX are 
respectively ^ -. 

— -4- " = 1 

a - 6 

a' ^ 6 

If we suppose x and y to have the same values in these equa- 
tions, (zi/) is the point P ; therefore, adding the two equations, 
which give / 1 1 \ 

"{l*?}-' '■>• 

the value of x we determine is the abscissa of P. 

Now, in exactly the same way we find the abscissa of P by 
adding the equations of YP and Y'X, viz. 

^ + ^ =1 

a 

^ y 1 

a — 

which give x ( - + - ] =2 (2) ; 

\a a J 

(1) and (2) shew that the points P and P have the same abscissa^ 
and therefore that PP' is parallel to YY\ q. E. d. 

• Again, (1) gives 112 

a a X 

which shews that - is an arithmetic mean between - and — j , and 

X a a 

therefore that o, Xy a are in harmonical progression, q. e. d. 
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1 14. If OX, O Y (fig. 48) be any two right lines intersecting 
a set of diverging right lines PB, PSy PB\ &c., and if OX be 
divided harmonically by them ; then will Y also be divided 
harmonically by them; t.e. if OAy OA'y 0A\ &c. form a har- 
monical progression, so also will OBy OBy OB' y &c. 

Let OA = a, OA = a^, OA' = a„ &c., OB = i, 05' -= \y &c.; 
and let (AA) be the point P. Then the equations of ABy AB yAW y 
M>c* are ^^ «« 

2 + 1 = 1, 

a 

- +^ = 1 

&c &c. 

and since these all meet in P, we have 

h k , 

- + r = 1, 
a 

h k , 
- + - =1, 

O^C • • • • OwC 

By subtracting any one of these equations from that which 
follows it, we find 

_ i^A+f_L - l^k^Q (1). 



Now, since a, a^y a^y &c. axe in harmonica! progression, 

is an invariable diflTerence for all values of n ; hence, 

a , a 

11 
by (1), the same is true of , and therefore J, h^,\i &c. 

. 

n-l n 

are also in harmonical progression, q. e. d. 

Hence, if OX be cut harmonically, every line drawn from 
is also cut harmonically by the diverging lines. 

115. OX, OYy and BA (fig. 49) are three given lines, and 
AB is any other line cutting them in Ay P, B' ; if OA + OB 
be always equal to OA + OBy then will B'P : ffA be an invari- 
able ratio. 
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Take OA and OB as axes, and let OA = a, OB = J, 0^4'= a', 
OS = J' ; then the equations of AB and A'B are 

M- "^ 

i*!-. w. 

Supposing z and y to have the same values in both these 
equations, which amounts to supposing (xy) to be the point P, 
we find, eliminating y, 

\a a J 
but, since a + J = a' + i', we have 

J i' ^ ha - ft g ^ ft(a + &-y)-ya 
a a! ad ad 

_^ (b - b') (a + b) 

TT X a 
Hence — = . 

a a + b 

Now xid :: BP : BA ; hence BIP : jB'-^' is an invariable 
ratio. 

116. If ABC be a triangle having its angles A and 5 
always upon two fixed lines OX, OY, and if the three lines 
which form the sides of the triangle always pass through three 
fixed points which are situated in the same right line ; then 
the angle C will always be found upon a fixed line passing 
through O. 

Let the equations of AB^ ACy and BC, referred to OX and 

OFas axes, be aa: + /3y = 1 (l), 

aa; + /3y=l (2), 

a'a; + j3y = 1 (3). 

Observing that, since (1) and (2) meet in OX, they must give 
the same value of x when y = ; and for a similar reason (1) 
and (3) must give the same value of y when a; = 0. 

Let (hh\ (h'k') and (AX) be the three points through which 
(1), (2) and (3) always pass respectively, and let the equation of 
the line in which these points are situated be 

mz ■¥ ny ^ \ (4). 
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Then^ since hk is a point on (1) and (4)^ we have, subtracting 
(4) from (1), (a - m) A + (/3 - w) A = 0; 

and similarly, since (Jilt) and (A*A") are points on (2) and (4) and 
on (3) and (4) respectively, we find 

(a - »») A' + O' - w) A' « 0, 
(a' - m) K + (j3 - w) W = 0. 
These three equations shew that, whatever be the positions 
of the lines (1), (2), (3), the quantities (a - m), (/3 - »), (a - m) 
and (/3' - n) are to each other in invariable ratios depending 
upon the quantities AA, A'A', Klc, Hence it follows that 
(a - m) - (a - m) : (/3 - w) - (j3' - n) is an invariable ratio, 
A : B suppose ; and therefore we have 



a- a A 



(5). 



Now, supposing {xy) to be the point of intersection of the 
lines (2) and (3), we have, subtracting (3) from (2), 

(a-a0:r-(/3-/3')y = O, 

which, by (5), becomes 

Ax^By^^ , (6). 

Hence the point of intersection of (2) and (3), Le, the point 
Cy is always situated on a fixed line passing through the origin, 
whose equation is (6). 

117. Hence the truth of the following theorem is immedi- 
ately evident, viz. 

If ABCy A'B'C be two triangles such that the point of 
intersection of AB and ABy oi AC and A'Cy and oi BC and 
BCy lie in the same right line ; then the three lines AA'y JBJB', 
CC will meet in the same point. 



CHAPTER V. 



GENERAL EQUATION OF THE CIRCLE. DIAMETER, TANGENT, AND 
NORMAL OF A CIRCLE. VARIOUS PROBLEMS RESPECTING CIRCLES 
AND RIGHT LINES. 

Prop. XXIII. 

118. To find the equation of a circle whose centre and 
radius are given. 

Let (hk) be the centre, a the radius, and {xy) any point of 
the circumference ; then the distance of {ocy) from (hk) must be 
a, and therefore, by Art. 38, we have 

(«- A)' + (y -*; = «' (1), 

which, being a relation between the co-ordinates of any point of 
the circle, is the equation required. 

119. CoR. 1. If A = 0, A; = 0, i,e, if the centre be chosen 
as origin, (1) becomes 

2 2 2 

z -\-y = a . 

120. CoR. 2. If A = a, A = 0^ i.e. if a diameter be chosen as 
axis of Xy and one of its extremities as origin, (1) becomes 

y* = 2ax - a?. 

121. CoR. 3. The equation (1) may represent any circle 
whatever, and therefore it is the general form of the equation of 
a circle. If we expand each term, it becomes 

0? + %/^ - 2hx - 2ky + A* + A* - a' = 0; 
and hence it appears that the general equation of a circle is of 

thefonn ^ ,f , A.^ By . C^, .....(2), 

A, By C being any arbitrary constants. The equation 

Aa?^Af^Bx+Oy^D^0 (3) 

may be immediately reduced to the form (2) by dividing it by 
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the coefficient of a;' and y'. (3) is the fiiost general form in 

which the equation of a circle can occur, the co-ordinafes being 

rectangular. 

Prop. XXIV. 

122. Conversely. To determine the locus represented by 
theequation a^ + y'-^ Ax + By ■¥ C=0. 

Completing the two squares by adding — and — to both 
sides of this equation, we have 

Now the first member of this equation is the square of the 

distances of the point {xy) from the point ( , j : hence 

the locus is a circle whose centre and radius are 

:-4. -f)-v(f4-> 

123. For example, let the equation be 

a?-^^- 2cx + 6ey + 9c' = 0. 
Completing the squares, we have 

(x-cj'^(y+ Zcy = c', 

which shews that the centre of the circle is (c, - 3c), and the 
radius c. 

Again, let the equation be . 

a? r^ t^ - lex - 2cy -^ 2(?. 
Completing the squares, we have 

{x - cf + (y - cj = 0. 
Here the centre is {cc\ but the radius is zero ; therefore the 
locus is the single point {cc). 
Lastly, let the equation be 

a:' + y' - 2cx + 4cy + 8c' = 0. 
Completing the squares, we have 

{x-ej + iy-v 2cJ = - 3c'. 

Here the radius is impossible, and therefore the equation does 
not represent any locus. 
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. Prop. XXV. 

124. To find the equation of a circle referred to oblique 
co-ordinates. 

Expressing the distance of the point {xy) from the point (AA), 
by Art. 87, we have 

(x-hf+(y- kf ^2{x-h){y'-k) cos ai = a*, 
which is the equation required. 

125. Cor. K the centre be the origin, the equation is 

a? ■\- y^ -\- 2xy cos a» = a\ 

Prop. XXVI. 

126. To find the equation of a circle referred to polar co- 
ordinates. 

Let r and B be the co-ordinates of any point of the circum- 
ference, and b and fi those of the centre : then, by Art 97, we 

have r' + b'-2rbcos(0-(i) = a\ 

which is the equation required. 

127. Cor. 1 . If 4 = 0, t, e. if the centre be origin, the equa- 
tion becomes r = o. 

Cor. 2. If 6 = a and /3 = 0, *. e. if a diameter be the prime 
radius and one extremity of it the pole, the equation becomes 

r = 2b cos 0. 

Diameters, Tangents, and Normals of a Circle. 

Prop. XXVII. 

128. To determine the length (r) of a right line drawn, at 
an angle 6 to the axis of x, from a point (Jik) to the circum- 
ference of a circle {x^ + y* = «')> (s^e Art. 68). 

Proceeding exactly as in the Article just referred to, the 
equation of the circle, when A + r cos 6 and A + r sin 6 are put 
for X and y, becomes 

(A + r cos 0/ + (A + r sin OJ = a', 

or 7- + 2(/icose + A8in0)r+ A' + A?- a'=0 (1), 

which equation determines the required distance (r). 

E 
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Cor. 1. Since this is a quadratic equation^ it follows that the 
right hue must, in general^ meet the circle in two points^ whose 
distances from (hk) are the two roots of (1). 

129. CoR. 2. Let P (fig. 60) he the point (hk), and Q, Q' 
the two points where the right line meets the circle ; then PQ 
and PQ' are the two roots of (1), and therefore 

PQ + PQ' = - 2(A cos (? + *sin 0) (2), 

PQ.PQ^U^W-a^ (3). 

130. CoR. 3. From (3) it follows that, if through any point 
P a secant be drawn meeting the circle in Q and Q', the rect- 
angle under the segments PQ and PQ is invariable in whatever 
direction the secant be drawn. {Euclid, Book iii. Props. 35 
and 36.) 

131. CoR. 4. If jB be the middle point of the chord QQ, 
we have 2PJK r:^ PQ-\^ PQ, and therefore, by (2), 

Pi? = - (A cos fl + A sin 0) (4). 

132. CoR. 5. Hence, if P and R coincide, in which case 

PR = 0, we have A cos + Asin = (5), 

which is therefore the condition necessary in order that (hk) may 
be the middle point of the chord which makes an angle 9 with 
the axis of a?. 

This appears also from the fact that, if (5) hold, the equation 

(1) gives r = ±Vfa'-A'-AO. 

which shews that one value of r is the negative of the other, and 

this cannot be unless P be midway between Q and Q'. 

Prop. XXVIII. 

133. If a chord of a circle be supposed to move parallel to 
itself,* to determine the locus of its middle point. 

Let be the invariable angle which the chord makes with 
the axis of x, and let (xy) be its middle point; then, by the 
5th Cor. of the preceding proposition, we have 

X cos + y sin = 0, 

* f . e, always ma)(ing the same angle with the axis of x. 
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which, being a relation between the co-ordinates of the middle 
point of the chord in any of its positions, is the equation of the 
required locus. Hence the locus is a right line, evidently 
passing through the origin, and making an angle whose tangent 

is - cot 6 f i. e. an angle 4--] with the axis of x, 

134. Cor. The locus of the middle points of a system of 
parallel chords is called the diameter of those chords ; hence, by 
what we have just proved, the diameter of any system of parallel 
chords in a circle, is a right line passing through the centre, and 
perpendicular to the chords. 

Prop. XXIX. 

135. To find the angle which the line touching a circle at a 
given point makes with the axis of x. 

If a right line cutting a circle be supposed to move parallel 
to itself, until the two points of section coincide and become one 
point, it is then said to totich the circle at that point, or to be the 
tangent of the circle at that point. 

If we suppose Q and Q (in Art. 129) to coincide, we have 
PQ = PQ\ and therefore, by equation (2) in that article, we have 

PQ = - (A cos fl + A sin 0), 
which, since the secant is now become a tangent at the point Q, 
is the distance of any point (P) on a tangent from the point of 
contact (Q), 6 being the angle which the tangent makes with the 
axis of X. Now suppose P to coincide with Q, in which case 
PQ = 0, and (hk) becomes the point of contact ; then we have 

h cos 6 + A sin 6 = 0, or tan = - - , 

which is therefore the tangent of the angle which the line touch- 
ing the circle at the point (AA) makes with the axis of x. 

136. Cor. 1. Hence the equation of the tangent at the 
point (hk) is, by Art. 6 1 , 

h(x - h)-¥ k(y - k)= 0, 

which, since h^ + k? =^ a*, (hk) being a point of the circle, becomes 

hx ^ ky = a^ .(1), 

e2 



1 
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137. CoR. 2. To determine the condition necessary in order 
that the line (ax + /3y = 7) may touch the circle (x^ + y* = a'> 

Let (hk) be the point of contact, then the equation cur + /3y = 7 
must be identical with (1),* and therefore we have 

h a k P 



and hence 



a 



a' 




y 




«' 
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' + 
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+ X^ 
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y' 




" 




0' 


^ 


a'' 



or (a' + i3') a' = 7', 

which is the condition required. 

CoR. 3. Hence, if the line a; sin 6 - y cos 0-c be a tangent 
to the circle, we have 

c* = a' (cos* + sin* 0) =^ a', or c = ± a ; 
and therefore the equation becomes 

xsia - y cos = + a, 
which is the equation of the tangent in terms only of the angle 
it makes with the axis of x. This is a useful form of the equa- 
tion in problems where there is no occasion to bring the point of 
contact into consideration. The double sign indicates that two 
different tangents may be drawn making the same angle with 
the axis of x, which is manifestly the case. 

Prop. XXX. 
188. To find the equations of the normal at any point (hk) 
of a circle. 

The right line drawn through the point of contact at right 
angles to the tangent is called the normal. 

The equation of the line passing through the point (Jik) at 
right angles to the tangent {hx -vky^a^) is, by Art. 63, and Art. 60, 

- A; (ar - A) + A(y - A) = 0, 
or kx-hy =0, 

which is therefore the equation required. It shews that the 

* In order that two equations Ax + By = C and A'x + By - C^ may be 
identical, it is not necessary that A, B, C shall be respectively equal to 
A\ B^ C, but only that they shall be respectively proportional to each other. 
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normal always passes through the centre, and therefore it follows 
that the tangent at any point is at right angles to the radius 
drawn to that point. (Euclid, Book iii. Prop. 16.) 

Prop. XXXI. 

139. Two tangents may be drawn to a circle from any point 
(hk) without it ; and the equation of the right line joining the 
two points of contact is hx -{■ ky ^ c^ (1). 

For, let a right line drawn through (hk) touch the circle at 
the point (h'K); then the equation of this line, by Art. 136, is 
h'x + k'y = a^y and this equation must be satisfied when h and k 
are put for x and y, since (hk) is a point on the line ; therefore 
we have, observing that (h'k') is a point on the circle, 

Kh + k'k^a^ (2), 

h'^ + k'^^d? (3). 

If in (3) we substitute for k' its value given by (2), we evidently 
find a quadratic which gives two values of h' ; and then (2) gives 
two corresponding values of k'. Hence there are two points of 
contact, and therefore two tangents may be drawn from (hk) to 
the circle. 

Now let (K'K) be the other point of contact thus determined 
from (2) and (3) ; then we have, by (2), 

Kh + kk^dl' (4). 

Hence it appears that (h'k!) and (K'K') are points on the right 
line represented by the equation 

hx + ky ^c^ (5) ; 

for (2) and (4) shew that (5) is satisfied when either h' and k' or 
K' and K' are substituted for x and y. 

Hence it follows that (5) is the equation of the right line 
joining the points of contact, q. e. d. 

Prop. XXXII. 

140. Supposing a chord of a circle to be drawn through a 
fixed poiQt, and to turn round it ; to find the locus of the inter- 
section of the two tangents drawn at its extremities. 

Let (xy) be the point of intersection of the two tangents, and 
(hk) the fixed point through which the line joining the points of 
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contact always passes ; then, by the result (equation 5) of the 
last proposition (observing that (hk) in equation (5) is the point 
of intersection of two tangents, and {xy\ any point on the Kne 
joining their points of contact), we have, putting (hk) for Qcy), 
and {xy) for (M), hx + ky ^ a\ 

This, being a relation between the co-ordinates of the point 
of intersection of the two tangents drawn at the extremities of 
any chord passing through (hk\ is the equation of the locus 
required. The locus is therefore a right line, evidently perpen- 

* X 1/ 

dicular to the line r - t =* ^* *• ^* ^^ ^® ^® jou^g the centre 

a k 

and the point (AA).* 

141. It is remarkable that the equation (he -k-ky = d^) repre- 
sents three very different lines, namely, the tangent at (hk), the 
line joining the points of contact of the two tangents drawn 
through (hk)y and the locus of the intersection of the two tan- 
gents drawn at the extremities of any chord drawn through (hk). 
We may observe that in the first case (hk) must be a point on 
the circle, in the second case outside it, and in the third inside 
it ; and therefore the three cases axe perfectly distinct. 



Varicms problems respecting circles and right lines. 

142. Tq find the locus of the middle point of a chord in a 
circle which always passes through a given point and turns 
round it. 



* This result may be proved geometrically, thus : 

Let C (fig. 62) be the centre of the circle, B the fixed point through which 
the chords pass, TBT any one of the chords, and P the intersection of the 
tangents at its extremities; produce CB, draw PA perpendicular to it, and 
let PC meet TT in Q. Then, since CTP and CQT are right angles, we 
have CQ . CP = CT* ; and, since Q and A are right angles, we have 
CQ. CP = CB. CA; hence 

CT* 

CA = Yrn = * constant quantity. 

Therefore P is always found on a right line drawn through a fixed point 
A at right angles to CA. 



PLANE CO-OBDINATE GEOMETRY. 56 

Let (zy) be the middle point of the chord, and B the angle it 
makes with the axis oix; then, by Art. 132, we have 

X cos + ysin0=O (1). 

Also, if Qik) be the given point through which the chord always 
passes, (xy) must be a point on the line drawn through (hk) and 
making an angle with the axis of :z; ; therefore 

?^ = tane = --,by(l), 
X - h y 

:, y^ - ky + a? " hx - Of , 
which, by Art. 122, represents a circle whose centre is ( - 

and (radius)* . Hence, if Cbe the centre of the original 

4 

circle, and P the point (hk)y we have only to describe a circle 
on CP as diameter, and it will be the locus required. 

143. Having given the equations of two circles, to find the 
equation of the right line passing through their points of 
intersection. 

Let the equations of the two circles be 

ar» + y* + ^a; + £y = C" (1), 

a?^t^ -^-A'x-^By^C (2), 

then, subtracting these equations, we find 

{A-A')x-\-{B-B)y= C- C (3), 

which is the equation of the line required ; for we have obtained 
(3) from (1) and (2) on the supposition that x and y have the 
same values in (1) and (2), i,e. that (xy) is either of the points 
of intersection of the two circles ; therefore (3) is satisfied by the 
co-ordinates of either point, and therefore the right line repre- 
sented by (8) is the line drawn through the two points of inter- 
section of (1) and (2). See Art. 139. 

144. To shew that if a circle of variable radius be described, 
touching a given line at a given point, and cutting a given 
circle, the line drawn through the points of intersection always 
passes through a given point. 

Take the given line as axis of Xy and the point where the 
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circle touches it as origin ; then, if r be the variable radius of 
that circle, its equation is 

a:* + y' - 2ry = (1). 

Also, let the equation of the fixed circle be 

a:' + y' - 2hx - 2ky = c (2); 

then, by the previous problem, the equation of the line joining 
the points of intersection of (1) and (2) is 

Aa: -f (A - r) y + - = 0. 

Now this line manifestly cuts the axis of :r at a distance 

from the origin, whatever be the value of r ; therefore the line 
joining the points of intersection always passes through the 



given point ^-^, Oj. 



145. To find the locus of a point (P) the sum of the squares 
of whose distances from a given set of points (-4, A'y A'y &c.) is 
given. 

Let (xy) be the point P, and (hk\ (h'k') &c. the points A, A'^ 
A\ &c. ; then we have 

Ca;-A/ + (y-A/4.(:i:-A7 + (y-A'/+(ar-A7 + (y-*7 + &c. 

= a given quantity, C suppose. 

Therefore, if w be the number of the given points, and if we put 
A + A' + A' + &c. = if, A + *' + F + &c. = Ky 

c-{h'-^ h^ + A"^...) - qe + F -f A"^..) = x, 

we find no^ + wy* - 2 JEfo - 2 JBTy = L ; 

hence the locus required is a circle. 

146. To find the locus of the vertex of a triangle whose 
base and ratio of sides are given. 

Take the given base as axis of x and its middle point as 
origin, let 2a be its length, and m : n the ratio of the sides ; then, 
if {xy) be the vertex, the lengths of the sides are V{(a: - df ^r y^^ 
and V{(2: + a/ + y*} ; and we therefore have 

{x - of + y* _ ^' 

{x + cCf -vy^^ rf ' 
or {x^ -f y^) iji" - w*) - 2a (n* + w') a: + a* (n' - frf). 
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This is the equation of a circle whose centre is on the axis of 
ar at a distance a . -, , from the origin, and whose radius is 

rr - m 

147. A right line is drawn in any direction from a given 
point to the circumference of a given circle; to find the locus of 
the point which divides it in a given ratio. 

Take the given point as origin, and let the equation of the 
given circle be Qj^^jcf + ^y^ kj^ a' (1); 

then if (2:y) be the co-ordinates of the point which divides any 
line drawn from the origin to this circle in a given ratio, it is 
evident that the co-ordinates of a point of the circle will be mxy 
my\ m being a given ratio. Therefore these values put for x and 
y must satisfy (1); and consequendy we have 

[mxi - Kf + {my' - kj = o*, 

or, neglecting the dashes, 

m) \ mj m 

which represents a circle whose centre is ( j and radius — . 

\in mJ m * 

This problem may be easily solved by using the polar equation 

of the circle. 

148. To find the locus of the vertex of a triangle whose base 
and vertical angle are given. 

149. To find the locus of the centre of the inscribed circle, 
under the same circumstances. 

150. To find the locus of the intersection of the perpen- 
diculars let fall from the extremities of the base upon the opposite 
sides, under the same circumstances. 

151. To find the locus of the intersection of the lines drawn 
from the extremities of the base bisecting the opposite sides, 
under the same circumstances. 

If and & be the angles which the ^ides make with the base 
(taken as axis of x and its middle point as origin), it is easy to 
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shew that the equations of the two bisectors are 
(2cot0'-cot 0)y = a: + a...(l), (2 cottf-cot6')y = a;-a...(2); 
and if a be the given vertical angle, we have 0- ff ==a, and 

therefore tan - tan (^ = tan a (1 + tan taa (T) (3). 

Now, if we suppose x and y to have the same values in (1) and 
(2), and therefore (xy) to be the point of intersection of the 
two bisectors ; we find, from (1) and (2), 

tan0'= -^y- , tanO = — y-, 

Sx- a 3a; + a 

and hence by (3) 

3y (- 2a) « tan a (9a?' - a* + Oy*), 

2 a' 
or a? + i/^ + - a cota.y = — , 

3 9 

which represents a circle. 

152. Given the base and the sum of the sides of a triangle, 
to find the locus of the intersection of the bisector of the vertical 
angle with the perpendicular upon it from either extremity of 
the base. 

163. To determine the same when the diflFerence of the sides 
instead of their sum is given. 

154. A line of given length is placed with its extremities on 
the two co-ordinate axes,to determine the locus of its middle point. 

155. An isosceles triangle is placed with the extremities of 
its base on the two co-ordinate axes, to determine the locus of its 
vertex. 

156. If two lines, whose lengths are in a given ratio, be 
drawn from a given point and contain a given angle, and if the 
extremity of one be always on a given right line, or on a given 
circle, to find the locus of the extremity of the other. 

Take the given point as pole, let r, r* be the two lines, and 
0, ff the angles they make with any line through the given point 
taken as prime radius ; let a be the constant angle contained by 
r and /, and m : 1 the given ratio of r : /. Then if the extre- 
mity of r' be on a given right line, whose equation is 

; csin j3 
"* "sinCi3-»')* 
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we have (since r = mr' and S' « © -f a), 

_^ mc sin /3 
^■" sin(/3-a-0)^ 
whicli shews that the locus is a right line making an angle /3 - a 

with the prime radius^ and meeting it at a distance -; — y^ — ^ 

i< 1 1 o A sm (j3 - a) 

from the pole. See Art. 158. 

If the extremity of r' be on a circle whose equation is 

we find mV = r* + wV - 2mc . r cos { fl - (/B - a)}, 

which shews that the locus is a circle whose radius is ma^ and 

the co-ordinates of whose centre are mc and /3 - a. 

157. To determine the loci represented by the following 
equations, by transforming them to rectangular equations. 

nr sin (© - a) + mr cos (0 + a) + c = . . , . {\\ 
cr sin (0 - a) - cr cos (0 + a) + mr^ + J' = .... (2). 

If (1) be transformed to rectangular co-ordinates by putting 
r cos 6 == a;, r sin 6 = y, it becomes 

{n cos a - m sin a) y - (^^ sin a - m cos a) a; + c = 0, 

which represents a right line easily determined in position. 
In the same way (2) becomes 

m {a? + y') + c (sin a + cos a) (y - re) + 6* = 0, 

which represents a circle easily determined in position and mag- 
nitude. 

158. It is worth remarking that the position of a right line 
represented by a polar equation may be easily determined by 
finding the value of 6 when r = oo and the value of r when = 0; 
the former being the angle the line makes with the prime radius, 
and the latter the portion it cuts off from the prime radius. 

Thus, if the equation be r sin (0 + )3) = c cos /3, we find r = oo 
when = - /3, and r = c cot /3 when = 0; therefore the line 
makes an angle - /3 with the prime radius, and cuts off from it 
the portion c cot /3. 

159. To find the general equation of a right line by means 
of the method of transformation of co-ordinates. 
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The equation of a right line parallel to the axis of y is a: = c; 
and^ if we turn the axes through an angle - 0, this becx)mes 

y cos - X sin = Cy 

which is therefore the equation of a right line making any angle 
with the axis of x and at a perpendicular distance c from the 
origin. 

160. To determine what the equation, 5 (a:* + y*) - 6ay = 4a', 
becomes when the axes are turned through an angle 45°. 

161. Transform the equation, r (\ + e cos B) = Z, from polar 

into rectangular co-ordinates; and thence into polar co-ordinates 

el 
again, the pole being removed to a distance ^ from its 

original position. " ^ 

162. To describe a circle passing through a given point and 
touching two given lines. 

Take the two given lines as axes of co-ordinates, let w be the 
angle they make with each other, and(AA) the given point; let 
the equation of the circle required be 

a? + t^ + 2xy cos w - 2 Ax - iBy + C = .... (1). 

Then, since the circle touches the axis of Xy the values of x 
given by this equation when y = must be equal ; therefore, 
putting y = 0, the first member of the equation, which becomes 

x^ - 2 Ax + C = 0, 

must be a perfect square ; which gives 

A^ = C; 
and in the same way we may shew that 

Hence (1) becomes 

x^ + y^ + 2xy co^ ta - 2A{x ±y) + A^ = .... (2). 
Now, (hk) being a point on tiiis circle, we have 

A' + A* 4 2AA cos 0, - 2 Jl (A ± A) 4 -4' = (3), 

(3) determines Ay and then (2) is completely given. The value 
of A got from (3) is 

A^h±k±^{{h ±Jcf -{h? -^ J^ + 2hk cos w)}, 
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which is impossible unless we reject the lower of the two signs in 
(A + A) ; we have therefore 

^ = A + A±2sin - 'JQiiy 

Hence two circles may fulfil the conditions of the problem. 

163. To describe a circle touching a given right line and 
passing through two given points. 

164. To describe a circle with its centre on a given right 
line and touching two given circles. 



CHAPTER VI. 



OF THE LOCI GALLED CONIC SECTIONS, THEIR FOBMS, AND EQUATIONS. 

In the previous chapters we have applied the method of 
co-ordinates to the investigation of various properties of right 
lines and circles ; we now proceed to employ the same method in 
the case of certain loci, commonly called Conic Sections, which 
rank next in importance and interest to the right line and circle. 

Prop. XXXIH. 

165. To determine the locus of a point (P) (fig. 53) whose 
distance (SP) from a given point (S) is always proportional to 
its perpendicular distance (PQ) from a given line {EK). 

Draw the right line XSE perpendicular to EK, and through 
any point (0) of SE draw OY perpendicular to SE; take 
OX, O y as co-ordinate axes, let OM (= x), MP (= y) be the 
co-ordinates of P, and put OS = m, OE = n. Then we have 

PQ = ME = X'^n, PS^ = (a; - m)' + y"; 
and hence, since PS cc PQ = e . PQ, suppose, e being some 

given ratio, we have 

(x - mj + y^ ^ e^ (x + nj, 

or (I - ^) x^ - 2 (m + e^n) x + y^ - eW - m*, 

which is the equation of the required locus. 

Since O is arbitrary we may assume it to be the point which 
makes m-en (i.e. the point which divides ES in the given ratio 
QP : SP) ; and then the equation becomes 

{I -^)x''-2(\ -{■e)mx + y'= (1). 

We shall now determine the form of the locus by means of 
this equation, and in doing this we shall consider three cases, 
namely, where e is less than unity, where e is equal to unity, 
and where e is greater than unity. 
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Prop. XXXIV. 
166. To trace the form of the locus when e is less than unity. 
Dividing (1) by 1 - e*, it becomes 

x^ "2 X + -^—3 = ; 

I - e I - ^ 

assume^ for brevity, = a, add a' to both sides, and we have 

1 -e' 

transfer the origin to the point (a, o), which is done by writing 
X ■¥ a ioT X (see Art. 105), divide by a^ and for brevity put 
a* (1 - e*) = y ; then the equation becomes 



{x - of + ^-^^ = a 



«2 >..2 



^-^1=1 (2J. 

a 

This is the equation of the locus referred to a new origin O 

fit 
(fig. 54), 00' being equad to a, the value of a being . We 

have thus transformed the equation in order to simplify it, and 
make it easier to trace its form, which we now proceed to do. 

From (2), we find y = ± * * /( 1 - -j ) * 

hence, if we take ffM (fig 54) as any value of x, there will be 
two corresponding values of y, one the negative of the other ; if, 
therefore, MP be one of these values, and if we produce it down- 
wards tiU MP' = MP, then MP is the other value. It appears 
therefore that any value of x {OM) gives two points of the 
curve (P and P) equidistant from the axis of x, one above and 
the other below it. Hence it follows that the curve is divided 
by the axis of x into two parts, which are exactly similar, but 
reversed in position ; or, in other words, the curve is perfectly 
symmetrical with respect to the axis of x. 

By solving the equation (2) for x instead of for y we may 
shew in the same manner that the curve is perfectly symmetrical 
with respect to the axis of y also. 

If we suppose M to move from 0' in the positive direction, 
e. e. if we suppose x to increase continually from the value zero, 
the above expression for y shews that MP will continually 
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diminish, having its greatest value (J) when M is at 0\ and 
becoming zero when OM = a ; beyond which MP is impossible, 
and therefore the point P has no existence. 

Hence, if we assume OA = a (= OO) and OB = OB = i, it 
is evident that the form of the curve is that represented in the 
figure. 

Prop. XXXV. 

167. To trace the form of the locus when e is equal to unity. 
The equation (1) in this case becomes 

y* = 4:mx 

which gives y = ± 2 ^/(mx). 

Hence, as in the previous case, we may shew that the curve 
is perfectly symmetrical with respect to the axis of x. 

If we suppose M to move from in the positive direction, 
this expression for y shews that MP continually increases, being 
zero when M is at 0. When M is any where on the negative 
side of O, X is negative, and therefore y is impossible; which 
shews that P has no existence then. 

Hence the form of the curve is evidently that represented in 
fig. 55. 

In this case we could not have transformed (I) into the form 
(2), for since e = 1, a = oo , and therefore the new origin (O) is at 
an infinite distance from the old (O). 

Prop. XXXVI. 

168. To trace the form of the locus when e is greater than 
unity. 

In this case I - e and I - e^ are negative quantities ; we shall 
therefore (in order to avoid negative and impossible quantities) 
put the equation (1) in the form 

a^-^-2 X - -r^ = ; 

Tift 

and we shall assume = a, and a* (c* - 1 ) = J*. Hence, 

adding a* to both sides and dividing by a', the equation becomes 
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and removing the origin to the point (- a, o), which is done by 
writing x - a for Xy we have 

2 2 

This is the equation of the locus referred to a new origin O' 

Tlfh 

(fig. S5i) where OO = - a^ the value of a being and that of 

W being a^ (/ - 1). 

We may shew, exactly as in the first ca6e, that the curve is 
perfectly symmetrical with respect to the axes of x and y. Also, 
since from (3) we have 

it is evident that, supposing M to move from O in the positive 
direction, MP is impossible while M is between O and 0, is 
zero when M is at O, and continually increases when M is 
beyond O. 

Hence the form of the curve is that represented in fig. 55. 

169. Thus it appears that the equation (1) represents three 
curves of very diflFerent form, according as x is less than, equal to, 
or greater than unity. In the first case the curve is called an 
ellipse^ in the second a parabola^ and in the third a hyperbola. 
The origin of these names was as follows. 

170. Let OHH'M be a rectangle (fig. 56) constructed 
upon the abscissa AMy and having its erect side OH equal to the 
coefficient oix in equation (1), namely, 2 (1 + e) m ; which quan- 
tity has on this account acquired the name of the latus rectum. 
Then 2 (1 + e) mx is equal to this rectaDgle, and therefore, by 
(1), we have j^p^ _ OHH'M = {e^ - 1) x\ 

Hence it is evident that, according as ^ is less than, equal to, 
or greater than unity, the square of the ordinate falls short of, is 
equal to, or exceeds the rectangle under the abscissa and latus 
rectum. It was in reference to this defect, equality, or excess, 
that the names ellipse, parabola, hyperbola, were given to the 
three curves we have been considering. 

171. The point /S(Art. 165) is called the focus, and the line 
JSiTthe directrix; Swas formerly termedpunctum comparationis. 
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The ratio e is called the eccentricity^ the reason of which name 
will appear as we go on. Hence the eccentricity is less than 
unity in the ellipse, greater than unity in the hyperbola, and 
equal to unity in the parabola. 

If we take OS' equal to OSi^.^. 54 and 55) and O'E = OE, 
it is evident, from the perfect symmetry of the curve with 
respect to the axis of y, that the point /S", and the right line 
(-B' JT) drawn through E' at right angles to O'E' have exactly 
the same properties, with reference to the curve, as the point 8 
and the line EK\ and therefore the distance of any point of the 
curve from S' is to its perpendicular distance from E'K! in the 
ratio e : 1. There are therefore tvoo foci and two corresponding 
directrices in the ellipse and hyperbola. 

172. The point 0' is called the cetitre^ on account of the 
symmetry of the curve with respect to the two axes which inter- 
sect in O. We shall shew that C bisects every line drawn 
through it in both directions to the curve. It is usual to denote 
the centre by the letter (7, the point by the letter Ay and the 
other point where the curve crosses the axis of x by A'. The 
line A A' (which = 2a) is called the axisy and the points A and A' 
the vertices of the curve. C is the middle point oiAA\ 

173. In the ellipse OO is drawn in the positive direction, 
and in the hyperbola in the negative, as we have shewn above. 
The parabola has no centre, since 00' is infinite; and it meets 
the axis of x only at ; therefore its axis is infinite, and it has 
but one vertex. 

174. In the ellipse the points where the curve crosses the 
axis of y are usually denoted by the letters B and S ; the line 

BE^ (which = 25) is bisected by the centre. Since -^ = 1 - 6* 

(see Art. 166) and c is < 1, i is > a ; on this account AA' (or 2a) 
is called the nKi/or axis of the ellipse, and BE (or 2b) the minor 
axis. 

175. In the hyperbola the curve does not cross the axis of 
y ; on this account AA' is called the possible axis of the hyper- 
bola, and the axis of y is called the impossible axis. Since 
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-2 = e* - 1 in the hyperbola (Art. 168), and e may be of any 

magnitude greater than unity, it is evident that h may be either 
greater or less than a in any proportion. 

176. Figs. 57, 68, 59 represent the three curves marked 
with their proper letters; to which notation we shall always 
adhere. It is important to bear in mind the following relations 
which are assumed in Arts. 166 and 168 ; viz. 

AS = m AC = = am the ellipse. 



h\ 



= - a in the hyperbola ; 



f 



4 = 1 - e* in the ellipse, 
a 



= e' - 1 in the hyperbola; 
and, if we denote the latus rectum by 2/, we have 

/ = (1 + e) m. 
From these formulas we find the following for the ellipse, 

SC^ae, EC=^^y / = a (1 - c^) = -; 

e a 

for, since A8= m = a(l - e), we have 
SC== AC' AS= a- a(l -e) = ae, 

also EC=EA +AC=^ + a^ -, 

e e 

5» 

and / = w (1 + e) = a (1 - c') = —. 

ct 

The corresponding formulae in the hyperbola are 

SC^-ae, EC^--^y /=a(e'-l)=-. 

e a 

Prop. XXXVIL 

177. To determine the polar equation of the three curves 
referred to /J as pole and SX prime radius. 

Using the notation and figure of Art. 165, and putting SP = r, 
PSX = 0, we have 

QP = EM^ w + m + r cos 0; 
and hence, since SP=eQP, and en ^ my we find 

r = w (1 + e) + er cos 0; 

F 2 
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and therefore r - — ^^ ^ = (1), 

Ij- e COS if I - e cos ij 

which IS the polar equation required. 

If we reverse the positive direction of the angle By i. e, if we 
put ASP = instead of A'SP, the polar equation becomes 

I 



r = 



1 + c cos d ' 



IT 



178. Cor. When = - , r becomes the ordinate drawn 

2 

through S; but, by (1), r = / when 6 = - . Hence the latus 

rectum (2/) is the double ordinate drawn through 8. 

179. The three curves we have been considering are of 
considerable importance ; we often meet with them in various 
parts of mathematics, especially in Physical Astronomy. It is 
therefore necessary to be acquainted with their properties, many 
of which are very remarkable and well worthy of attention for 
their own sake, independently of any use that may be made of 
them. We shall devote several chapters of the present treatise 
to the investigation of these properties. 

We often meet with equations of the form 

Aa^ + By'^C, Af^Bxy Aa? ^By, 
where Ay By C are any constants, positive or negative; and 
it is important to be able to make out exactly the loci which 
these equations represent, and how far they depend in kind and 
position upon the values of the constants. On this account the 
following propositions are added. 

Prop, XXXVIII. 

180. To determine the locus represented by the equation 

Aj^ + By"^ a 
Dividing this equation by C, it becomes 

A B 

which, according as ~ and — happen to be positive or negative. 
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may be put in one of the Mowing forms, viz. 



-2 -.2 



a a 

(1) and (2) we have already considered; but we must observe 
respecting (I) that h may be greater than a, which is not con- 
sistent with Art. 174. We have however, in this case, only to 
interchange the co-ordinate axes by writing x for y and y for Xy 

and to assume :;= = r;: and -^ = -« ^ instead of — = -= and -7; = 75- 

C b^ C c? C a^ C V 

In this manner the equation will be reduced to the proper form. 

(1) therefore represents an ellipse whether h be less than a or 

greater than a, only in the latter case the axis of y is the axis on 

which the two foci are situated; fig. 60 therefore represents the 

locus in the latter case. 

(3) may be reduced to the same form as (2) by interchanging 
the axes of co-ordinates ; therefore it represents a hyperbola 
having its foci on the axis of y. (See fig. 61.) 

(4) does not represent any locus, because all real values of x 
and y make the first side negative, whereas the second side is 
positive. 

181. If Obe zero we cannot divide the given equation by it, 
but we may determine the locus thus. The equation becomes 
Aa? + Btf^ = 0, which, according as A and B have the same or 
contrary signs, may be put in either of the forms 

The first member of (l) is the sum of two essentially positive 
quantities, which therefore cannot together make zero, unless 
each be separately zero. Hence (1) gives x = O^y =0, and these 
are the only values of x and y which satisfy (1). It therefore 
represents the isolated point (00), i.e, the origin. 

(2) may be put in the form 



M)(M)-»^ 
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and therefore (2) is satisfied by all values ofx and y which make 
either of these factors zero, and by no other values. Now if 

(xy) be any point on the right line f - - ? = j the first factor 

is zero, and if (xy) be any point on [ - + ^ = j the second 

factor is zero. Hence it is evident that the equation (1) repre- 
sents the two right lines 

f « and - + ?• = 0. 

a o a 

18^. If in Art. 165 we suppose m to be zero the equation 
becomes (1 - e*) a^ + y' = 0, 

which is of the same form as (1) or (2) (in the present Art.) accord- 
ing as e is < or > 1. We may therefore regard the point and 
the two right lines represented by (1) and (2) as an ellipse and 
a hyperbola in which the points S and A coincide. 

Prop. XXXIX. 

18S. To determine the locus represented by the equations 

Ay* « Bxy A^ = By, 
These equations^ according as A and B have the same or 
different signs, may be put in one of the foUowing forms, yiz. 
y* = ^mx (1), ^ = 4my (8), 

y' = - \mx (2), a;* = ~ 4my (4). 

(1) we have already considered. (2) may be reduced to the 
same form as (1) by writing - x for x^ i.e. by reversing the 
positive direction of the axis of a: (see Art. 108); and therefore 
(2) represents a parabola situated as in fig. 62. (3) may be 
reduced to the same form as (1) by interchanging the co-ordinate 
axes ; and (4) may be reduced to the form (3) by reversing the 
positive direction of the axis of y. Hence the loci (3) and (4) 
are parabolae situated as in figs. 63 and 64. 

184. If m = (1) and (2) represent the axis of x, and (3) 
and (4) the axis of y. If e = 1 and w = in the equation 
obtained in Art. 165, it becomes y* = ; therefore a parabola 
becomes a right line when the points S and A coincide. 
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The object of the following chapter is to shew that the loci 
we have jast been considering are represented by the general 
equation of the second degree between z and y, and that they 
are also identical with the curves produced by the section of 
a common cone by a plane in different positions. We shaU 
afterwards investigate the various remarkable properties of the 
ellipse^ parabola^ and hyperbola separately. This being the case^ 
the following chapter may be passed over on a first perusal of 
this subject. 



CHAPTER VII. 



OF THE GENERAL EQUATION OF THE SECOND DEGREE BETWEEN 
X AND y, AND THE LOCI IT REPRESENTS. REDUCTION OF THE 
GENERAL EQUATION TO ITS SIMPLEST FORM. SECTIONS OF A 
RIGHT CONE BT A PLANE ARE LOCI OF THE SECOND ORDER. 

185. We have seen that the general equation of the first 
degree between x and y represents a right line ; we shall now 
consider the general equation of the second degree, and shew 
how to determine the locus it represents in any given case. 

The general equation of the second degree between x and y 
contains the terms af, xy^ y*, Xy and y, each multiplied by some 
constant, together with a term independent of x and y ; it may 
therefore be put in the form 

Aa? + 2Bxy + Cy^ + 2Dx + 2Ey + F=^ 0, 

some of the constants being multiplied by 2 (since we may 
assume arbitraxy constants in any form we pleaae), in order to 
simphfy certain formulae we shall obtain hereafter. 

We shall first suppose that the term 2Bxy is wanting in this 
equation, and on this supposition determine the nature of the 
locus. We shall then shew that the term 2Bxyy if it occur in 
the equation, may be made to disappear out of it, by simply 
turning the axes of co-ordinates through a certain angle ; and 
thus we shall reduce the general case to the particular case 
previously considered. 

Prop. XL. 
186. To determine the nature of the locus represented by 
the general equation of the second degree, supposing that the 
term 2Bxi/ is wanting. 
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In this case the equation is 

Aa? + Cf + 2l)x + 2% -\-F^0 (1). 

1st, Suppose that neither A nor C are zero ; then we may 
assume D = Ah, E= Ck; and, substituting these values, (1) 
becomes ^ (^2 ^ gAa:) + C (y* + 2%) = - i^; 

or, adding Ah^ + C%' to each side, and putting Ah^ + (7F - 2^= O 
for brevity, we have 

A(x + hy+C(y^kf^O; 

and if we transfer the origin to the point (- A, - A), which is 
done by writing x - h and y - k for x and y, this equation 
^eco^es ^^r* + %^ = G (2). 

2ndly, Suppose that -4 = 0; then, assuming JE = Ck, the 
equation (1) niay be put in the form 

C(y + ky=Ck?-F--2Dx, 
and, assuming Cf^- F=- 2Dh (supposing D not equal to zero), 
we have o(y + k)' = - 2D (x + A), 

which, if we transfer the origin to the point (~ A, - k), becomes 

%' = -22>^ (3). 

If however 2> = 0, then (1) becomes 

Cy + 2Ey + F= (4). 

3rdly, Suppose that C= 0; then the equation (1) may be 
reduced, a6 in the previous case, to either of the forms 

Ax'=-2^/ (5), 

Ax^-h 2Dx-h F= (6). 

The equations (2), (3), (5) we have already fully considered 
in Arts. 180-184. The equation (4) may be put in the form 

(y-i>)(y-?)=o, 

which, if;? and q be real, represents (see Art. 181) the two right 
lines (y =p) and (y = q) which axe parallel to the axis otx; and 
if ^ and q be impossible, it does not represent any locus. In the 
same manner (6) represents either two parallel lines or no locus. 
Hence it appears that the general equation of the second 
degree wanting the term 2Bxy represents an eUipse, a parabola. 
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a hyperbola, two right lines, one right line, or an isolated point; 
except in certain cases where it does not represent any locus. 

The following proposition will complete the discussion of the 
general equation. 

Prop. XLI. 

187. To shew that the term 2Bxy may be made to disappear 
firom the general equation of the second degree by turning the 
axes of co-ordinates through a certain angle. 

If, in the general equation 

Aa? + 2Bxy + (^' + 2Dx + 2Ey + i^= (1), 

we write a? cos - y sin 6 in place of x, and x sin + y cos 9 in 
place of y, we turn the axes through the angle 9, leaidng the 
origin unaltered (see Art. 104). When these substitutions for 
X and y are made, 0) may evidently be expanded and arranged 
so as to assume the form 

A'a? + 2Sxy + CTy* + 2iyx + 2JS y + i^= (2), 

A\ jy, C'y jy y &c. being quantities formed from -4, J?, G> 2), J?, 
and fl, in arranging the equation in the form (2). 

2Sxy is the only term of (2) we have occasion to know for 
our present purpose ; it can only arise from the three first terms 
of (1), which, after the substitutions for x and y, become 

A(xco^9 -y sin fff + 2B (x cos - y sin 6) (a? sin 9 + y cos 9) 

-f C(x sin 9 + y cos Of, 
or A'a?+2{-A cos siaO +B(coB^0 - Bm*ff)+C sinO cos 0}xy+(Tf^. 

Hence 2B' = 2B cos 2fl - (-4 - C) sin 29. 

Now, from this expression, it appears that we may make 

5' « 0, by putting 2B ,,^ 

tan 20= J— ^ (3), 

and this we may always do, since the tangent of an angle may 
be of any magnitude, finite or infinite, positive or negative. 

Hence it appears that, when is determined from (3), the 
term 2Bxy does not occur in (2). Consequently, by turning 
the axes of co-ordinates through a certain angle, determined by 
(3), we may always make the term 2Bxy disappear from the 
general equation of the second degree, q. e. d. 
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188. Cor. Hence, and by the previous proposition, the 
most general equation of the second degree represents an ellipse, 
a parabola, a hyperbola, two right lines, one right line, an 
isolated point, or no locus. 

189. By means of this and the previous proposition we may 
determine the form and position of the locus represented by any 
given equation of the second degree. We must first get rid of 
the 'term 2Bxy, if it occur in the equation, by determining the 
proper value of 6 from (3), and substituting it in A', C, 2>', and 
E' ; and then we have only to reduce the resulting equation 
as in Prop, xl., and so find the locus required. But this 
process is rather tedioujs, and we may determine the locus much 
more readily by means of the foUowing proposition. 

Prop. XLII. 

190. If the equation 

Aa^ + 2Bxy + C^' + 2Dx + 2Et/ + jP= (1) 

be reduced to the form 

A'a? + Cy + 2D'x + 2E'y + F=0 (2), 

by turning the axes of co-ordinates through an angle ; to 
determine A', Cy D , E\ and 0. 

Since (1) is reduced to (2) by turning the axes through the 
angle 0, it follows that (2) is reduced to (1) by turning the axes 
to which (2) is referred through the angle - ft Therefore, if 
we put X cos (- 6) - y sin (- Q) for Xy and a; sin (- ft) + y cos (- 0) 
for y in (2), it must become identical with (1). Malting these 
substitutions in (2), it becomes 

^' (a; cos + y sin 0)'+ C"(- a; sin + y cos 0)' +2 Ifix cos + y sin 9) 

+ 2E\- a; sin 6> + y cos 0) + -F= 0. 

Hence, equating the coefficients of a;', a;y, y", x and y in this 
equation to those in (1), we have 

A cos* e + C" sin' e = ^ (3), 

(^' - CT) sin (9 COS e = 5 .(4), 

^' sin' + C" cos* = C (5), 

D' cos - ^' sin e = 2> (6), 

jD' sin + -E' cos = jB (7). 
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The first three of these equations determine -4', C, and 0, 
and then the two last give 1/ and E \ and thus we obtain the 
five required quantities. 

191. A few examples will shew the use of this proposition. 
Ex. 1. To determine the locus represented by the equation 

bii? + %xy 4 5y* - 12cV2y - Xlc^^x = 0. 

In this case the above equations become 

^' cos' e + C sin'^ e = 5 (1), 

(^' - C") sin e cos e = 1 (2), 

-4'sin»e+ C"cos'e=5 (3), 

ly cos e - i?' sin = - 6cV2 (4), 

27 sin e + B' cos e = - 6cV2 (5). 

(1) - (3) gives {A - G) cos 20 » 0, 

which, since -4' - C" is not zero by (2), gives = 46® ; and 

therefore (1) and (2) become 

^' + C'=10, ^'-C'=:2; 
and therefore A = 6, C = 4. 

Also (4) and (5) become 

ly -^E' = - 12c, 

D + E' ^^ 12c, 

and therefore D* = - 12c, E' = 0. 

Hence, by turning the axes through an angle 45**, the given 
equation becomes 

6a;* + 4y* - 24cy = 0, 

or 3a;' + 2 (y - 6c)' = 72c^, 

which, if we transfer the origin to the point (0, 6c), becomes 

2 2 

^ , y 



2 + S7:5 = 1 ^ 



240-* 36c'' 

and this is the equation of an ellipse whose axes are 2cV'6 
and 6c. 

Hence, if we take X'OX = 45° (fig. 65), draw OC (= 6c) 
at right angles to OX', and CA parallel to OX'; then the 
ellipse described on CA and CB as semiaxes is that represented 
by the given equation, where CA = 2cV6, CB = 6c. 
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192. Ex. 2. Let the given equation be 

ar* + 2xy - y' - 2cx + 2et/ - 4c' = 0. 
In this case we have 

^' cos' e + C sin' = 1 (1), 

(-4' - C") sin e cos = 1 (2), 

^'sin'e+ C"cos'e = - 1 (3), 

2>' cos e - £' sin e =.- c (4), 

2>' sin + ^' cos = c (6). 

(l)-(3) gives (A' - (70cos2e=2 (6). 

2 (2) ^ (6) gives tan 2© = 1, and /. 20 = 45°. 
Hence (6) and (1) + (3) become 

A' - C'= 2V2, A' -^C = 0, 
and therefore -4' = V2, C = - V2. 

Hence, if we turn the axes through an angle 22^°, and put 
ly = V2A, JS' = V2A, the given equation becomes 

V2 . re' - V2 y' + 2v2A:i; + 2V2Ay - 4c' = 0, 

or (a; + A)' - (y - A)' = 2V2c' + A' - fe'. 

Now, by (4) and (5), 

\/2A = - c (cos - sin 0), V2A = c (cos + sin 0), 
and therefore 

2 (A' - A') = c' (- 4 sin e cos 6) = - cV2. 
Hence, transferring the origin to the point (AA), we have 

2 2^2 

which represents a hyperbola. A and k we have found above in 
terms of 0. We shall presently give a simpler method of deter- 
mining (AA). 

193. Ex. 3. Let the given equation be 

ic' - 2xy + y' - 4V2ca; = 0. 
Here we find, just as in Ex. 1, 

= 45°, ^' + C" = 2, A' "C^- 2, 

and therefore A' = 0, C = 2. 

Also D' -E' = - 4c, D'^E' = 0, 
and therefore B = ^ 2c, E' = 2c. 
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Hence, by turning the axes through an angle 46°, the given 

equation becomes 

2y' - 4cx + 4cy = 0, 

or (t/ + cy^2c(x'-^], 

which, if we transfer the origin to the point ( - , " ^ ) > becomes 

y* = 2cx. 
Hence the given equation represents a parabola. 

194. Ex. 4. Let the given equation be 

3!? - 2zy + y' - 2c' = 0. 

Here = 45^ ^' = 0, C" = 2, i^ = 0, E' = ; therefore, 
by turning the axes through an angle 45°, the equation becomes 

y' - c' = 0, or (y - c) (y + c) = 0, 

which represents two parallel lines. Indeed this may be seen 
immediately, for the given equation may be put in the form 

(x - y - c 72) {x - y + c V2) = 0, 

which represents two parallel right lines making an angle 45*" 
with the axis of x. 

Prop. XLIII. 

195. To shew that the general equation of the second 
degree represents, in general, an ellipse, parabola, or hyperbola, 
according as -4 C- 5* is positive, zero, or negative. 

It is evident, from Art. 186, that the equation (2) in Art. 190, 
represents, in general, an ellipse, if -4' and C have the same 
sign ; a parabola if either A! or C be zero, and a hyperbola if 
A' and C have opposite signs ; t. e. the locus is an ellipse, 
parabola, or hyperbola, according as A!a is positive, zero, or 
negative. Now, referring to the equations for determining 
fi, A'y C'y &c. in Art. 190, we may thus determine A'C 
(3) X (5) gives 

(^" + C^) sin' B cos' e + A'C (cos* (? + sin* 9) = AC ... (8), 

and (8) - (4)' gives 

A! a (2 sin' 9 cos' 9 + cos* 9 + sin* 9) = AC^ ^, 

or A'C = AC-ff. 
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Hence it follows that AO is positive, zero, or negative, 
according as AC - E^ is so; and therefore the truth of the 
proposition is manifest 

Prop. XLIV. 
196. To determine the general values of 0, Jl^ C y D\ E' 
from the equations obtained in Art, 190. 
(3) - (6) gives (^' - C) cos 20 = ^ - C (9), 

and 2 (4) -=- (9) gives „ 

tan 20= ^^ 



which is the same value of tan 20 as that found in Art. 187. 

Again we find, as in the preceding article, 

AC ^AC-' E^. 
Also (3) + (5) gives A' +C ^A-^a 

Hence A' and C are the two values of z given by the quad- 
ratic equation ;?« - (^ + C) ;? + -4C7 - £». 

Lasdy, the values of D' and E' obtained from the equations 
(6) and (7), are 

!>' = Z) cos + ^ sin 0, E' = E co8 - I) sin 0. 

Thus the values of 0, A'y C, V ^ and E\ are completely 
determined. 

Prop. XLIV. (5«5.) 
192 (iis). To cause the terms iDxy 2Ey to disappear from 
the general equation 

Aa^ + 2Bxy 4 (^' + 2Dx + 2-% + F=0 (l). 

Transfer the origin to any point {hk), and the equation 
becomes 

A(x-\-hy-\-2B(x+hXy'^f(^hC(y+ky+2D(x-¥h) + 2E(y+k)+F=0, 
or 
Ax^+2Bxy-^Cy''h2(Ah+Bk+I>)x+2(Ck+Bh-^E)y-\-F=^0...(2), 

where F'= AV + 2Bhk + Clz + 2Bh + 2Ek + F. 

Now if we assume, as we may do, 

Ah^Bk^B^^ (3), Ck^Bh^E^^ (4), 

(which two equations determine h and A), the equation (2) 
becomes ^^ + 25:ry + Cy' + i^' = (5). 
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Thus we have made the terms 2Dx and 2]3y to disappear by- 
transferring the origin to the point (hk), h and k being given by 
the equations (3) and (4). 

193 (bis). CoR. 1. (3) A + (4) k gives 

AK" + 2Bhk + CA* + DA + ^A = ; 
therefore the value of F becomes Dh + Ek + F. Hence it 
appears that, if we transfer the origin to the point (hie) deter- 
mined by the equations (3) and (4), the equation (1) becomes 

Ax' + 2Bxy +Cf + I)h'^M'¥F=0 (6). 

194 (bis). CoR. 2. The values of h and k, given by (3) and 
(4), are , DC - E B , _ EA - DB 

AC^E' ' AC-ff • 

Hence, by Art. 195, A and k are infinite in the case of the 
parabola. 

195 (his). CoR. 3. If in the equation (6) we put a: = r cos 0, 
y = r sin 0, we evidently find r = ± VP (where P is a quantity 
depending upon d, the precise value of which we have no occa- 
sion to know). Hence every value of d gives two values of r, 
one the negative of the other ; and therefore every chord drawn 
through the origin is bisected at the origin. It appears there- 
fore that the curve is perfectly symmetrical with respect to the 
origin, and consequently the origin must be its centre. Hence 
the point (AA), determined by the equations (3) and (4), is the 
centre of the locus represented by (1). 

196 (J/s). In those cases where AC - B^ is not zero, the 
present proposition will enable us to simplify the application of 
the method given in Prop. XLII. : for, by first reducing the 
general equation to the form Ao^ + 2Bxy + Cy' + P' = 0, and 
then applying the method alluded to, we shall have no occasion 
to employ the equations (6) and (7), (Art. 190), since Ul and E' 
wiU evidently be each zero. 

For example, let us take the equation in Art. 192, namely 

«^ + 2xy - y* - 2cx + 2cy - 4c' = 0. 
If we transfer this to its centre, it becomes, by equations 
(3), (4), (6) in the present Prop., 

a:' + 2xy - y^ - ch ^ ck - 4c^= (7), 
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where A + A-c=0, -A + A + c=0; 

and therefore A = 0, k = c; which being substituted in (7), it 

becomes ^ ^ 2x1/ - y" - 3c* = 0. 

Now, proceeding exactly as in Art. 192, observing that D 
and £! and therefore D' and JS' are zero, we find 

^ = V2, (7=-V2, 

and therefore a^ - y^ - -t- c' • 

^ V2 ' 

which is the same equation as that obtained in Art. 192. We 
have here determined the co-ordinates of the centre to be and 
c, whereas in Art. 192 we only obtained them in terms of 
(which = 22^°). 

In cases where -4(7- ^ = 0, A and h are infinite (in general), 
and we must therefore proceed altogether as in Prop. xlii. 



Of the Sections of a Right Cone by a Plane, 

The ellipse, parabola, and hyperbola, are aften. called lines of 
the second order ^ because they are represented, as we have seen, 
by the general equation of the second degree between x and y. 
But they are more commonly known by the name of conic 
sections^ because they are the curves produced by the section 
of a cone by a plane, as we now proceed to shew. 

Prop. XLV. 
197. To shew that the section of the surface of a right cone 
made by any plane is always a line of the second order. 

A right cone is the solid generated by the revolution of a 
right-angled triangle round one of its sides. By the surface of 
this cone we mean the surface generated by the revolution of 
the hjrpotenuse produced indefinitely both ways. The side 
round which the triangle turns is called the axis of the cone. 
If any plane be supposed to cut the cone, the curve in which 
the conical surface meets that plane is termed the section of the 
conical surface made by it. When the cutting plane is perpen- 
dicular to the axis of the cone, it is evident that the section is 

G 
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a circle, its centre being the point where the axis meets the 
plane. 

Let ABC (fig. 66) represent the cone, and OPQP' the 
section made by the cutting plane ; let JRPSP' be the circular 
section made by any plane perpendicular to the axis, and let 
AHMQ be the plane containing the axis of the cone, and per- 
pendicular to PMPy the line of section of the two former 
planes ; then PM is perpendicular to OM and RM, and RS is 
a diameter of the circle RPSP". 

Take OQ as axis of x, and let 0M(= x) and MP(= y) be the 
co-ordinates of P, which may be any point of the section 
OPQF ; then, since PM"" = RM . MS by a property of the 
circle, we have ^2 ^ jgj^ j^g^ ^j>j 

Now, drawing OiV and TQ (fig. 67) parallel to RS, we have 

RM _ OM ^ ^ ^ 
TQ" OQ' ON OQ ^■^' 

Hence, if we put 0N= c, ROQ = 0, OAQ = 2a, OQ = 2a, 

and therefore 

suiAIQ cos a 

we have, by (2), since 0M= x, and MQ = 2a - a?, 

RM.MS^— ^^{2ax-a?). 

2a cos a 

Hence (l) becomes 

« c sin jr^ o^ , ^ 

J^^aTc-^^'"^-^^ («)' 

which is an equation of the second degree between x and y ; 
and therefore the section of a right cone by a plane is always a 
line of the second order, q. e. d. 

198. CoR. 1. Since — = ^^ ^ , (3) may be put in 

2a cos a ^ ^ ^ ^ ^ 

the form 

2 sin f sin (6 - 2a) al 

y'= {ex ^^ ' x^\; 

cos a I cos a J 

or Ay^ + Bai^ - Cx = 0, 

when A = cos' a, -B = sin sin {0 - 2a), (7 = c sin cos a. 
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Now if the cutting-plane coincide with a line (OT) drawn 
parallel to ^Q, = 2a; if it fall on the right of OT, is > 2a ; 
and if it fall on the left, d is < 2a ; and in these cases JB is 
zero, positive, or negative, respectively. Hence, since A is 
essentially positive, the curve is an ellipse, parabola, or hyper- 
bola, according as the cutting-plane falls on the right of, 
coincides with, or falls on the left of, the line OT which is 
drawn parallel to A C. 

199. CoR. 2. When the cutting-plane passes through A, it 
is evident that the section is two right lines, one right line, or a 
point. 



g2 



CHAPTER VIII. 



OP THE PARABOLA. PBOPEBTIES OP THE PARABOLA NOT CONNECTED 
WITH TANGENTS OR DLA&iETERS. PROPERTIES CONNECTED WITH 
TANGENTS. PROPERTIES CONNECTED WITH DIAMETERS. VARIOUS 
PROBLEMS. 

200. We now proceed to investigate in detail the various 
remarkable properties of the ellipse, parabola, and hyperbola. 
We shall consider each curve separately, commencing with the 
parabola, because it is the simplest of the three. 

201. The equation of the parabola referred to its vertex A 
as origin is, by Chap, vi., 

y^ = ^mx (1), 

m denoting the distance of the focus (S) from the vertex. Since 
e = 1 and AS = e . EAy m is also the distance of the foot of the 
directrix from the vertex. The general value of the latug 
rectum is 2m (1 + e), therefore, putting e = 1, the value of the 
latus rectum in the parabola is 4m. Hence, in the parabola, 
the square of the ordinate is a mean proportional between the 
abscissa and latus rectum. 

The polar equation of the parabola referred to /S as pole is, 
putting e = \ m Art. 177, 

r= 7— — s (2). 

1 — cos u 

From these equations we shall investigate the various remarkable 
properties of the parabola. 



PLANE CO-OKDTNATE GEOMETRY. 85 

Properties of the Parabola not connected with Tangents or 

Diameters. 

Prop. XLVI. 

202. The distance {SP) of any point Qey) of the parabola 
from the focus {8) is equal to a; + w. 

For, SP being the distance between the points (w, 6) and 
{xy)y we have 

SP" = {x- my + y* 

= aj* + 2mx + m^y since y* = ^mx ; 
therefore /SP = a? + m.* q. e. d. 

203. Cor. If we turn the axes round through any angle 6, 
and transfer the origin to any point (M); in which case we 
must, by Art. 106, write re cos 6 - y sin + A for ^ ; we find 

SP = a; cos - y sin + A -I- w. 
Hence, to whatever axes of co-ordinates the parabola be 
referred, the expression for SP is always a linear function 
(Art. 50, Note) of the co-ordinates of P, i.e. an expression of 
the form Ax + By ^ C. 

Prop. XLVII. 

204. To determine in general the locus of a point (ay), 
whose distance from a giyen point (hie) is a linear function of 
X and y. 

Let the expression for the distance of (xy) from (hk) be 

Ax + By + C^r. 
Now the formula for the perpendicular distance of the point 
(xy) from the right line whose equation is 

Ax, + By,-^ (7=0 (1), 

• 1. A . o^ ^^ + By + C 

is,byArt.69, ___J^=pj 

and therefore r = V(-4* + B^) .p. 

* This may be also shewn very readily by the polar equation, and geome- 
trically, as follows. 

In fig. 68, QF being parallel to AS^ we have 

SP= QP = AM+ EA^x^m, since EA t= m. 
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Heuce the perpendicular distance of {xy) from the line (1) is 
always proportional to its distance from the point (M). There- 
fore, by Art. 165, the locus of {xy) is a conic section, whose 
focus is {hk\ whose directrix is (1), and whose eccentricity is 

VC^' + E^. 

205. CoJi. 1. Hence we may define the focus of a conic 
section to be that point whose distance from any point (xy) of 
the curve is a linear function of x and y. 

206. CoR. 2. Hence, if the conic section be a parabola 
referred to its axis as axis of x and its vertex as origin, (1), 

C 

being the equation of the directrix, gives 5 = 0, — = m ; and, 

since the eccentricity is unity, we have J? -v SF or J? equal to 1. 
Hence r ^x -^ m^ 

which is the result of Art, 202. 

Prop. XLVIII. 

207. If PSP be any chord drawn through the focus, then 
the semi-latus-rectum is a harmonic mean between SP and SP . 

For if PSX. == we have, .by the polar equation, 

1 _ 1 •> cos e 

SP" I ' 

and putting + tt for 0, and therefore SP for SP, we have 

1 1 + cos © 



SP I 

Hence — + — - = -<- • 

SP SP I' 

which shews that Z is a harmonic mean between SP and SP. 

Prop. XLIX. 

208. Two given lines being drawn through the vertex of a 
parabola, to find the equation of the line joining the other two 
points in which they intersect the curve. 

Let the equations of the two lines be 

y - ax- Q, y - a!x - 0. 
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Then, as in Art. 181, both the lines together are represented by 
the equation (^ - oar) (y - a!x) = 0, 

or y^ + aa'oi? - (a + a') xy = 0. 

Where this locus intersects the parabola we have y' = 4mx ; 
therefore, substituting this value for y* and dividing out x, we 

^*^^ 4m + aa';r - (a + a') y (1), 

which equation is satisfied by the co-ordinates of both the points 
where the two lines again meet the parabola ; therefore, reason- 
ing exactly as in Art. 139, (1) is the equation of the right line 
joining these points. 

209. CoR. Putting y = in (1), we find x- , , which, 

aa 

if the two lines be at right angles, and therefore aa = - 1, 
becomes x = 4m. Hence, if any two lines be drawn from the 
vertex of a parabola at right angles to each other, the line join- 
ing the two points where they again meet the parabola always 
crosses the axis at a distance 4m from the vertex. 

Prop. L. 

210. To determine the length (r) of a right line drawn, at 
an angle to the axis of x, from any point (hk) to the parabola. 

Proceeding exactly as in Arts. 68, 128, putting A + r cos 
and k-{- r sin. {or X and y in the equation of the parabola, we 

have (A + r sin OJ =^ 4m (A + r cos 0), 

or r* sin* 0-2 (2m cos - A sin 6) r + A' - 4mA = 0...(1), 

which determines the required distance. 

Since this is a quadratic equation, the right line must in 
general meet the parabola in two points whose distances from 
(AA) are the roots of (1). 

211. Cor. 1. Using the same notation as in Arts. 129, 130, 

"'^'"' PQ , PQ' = 2 ?^f21^^I^^ (2), 

sm* ^ "^ 

PQ.Pd^l^^ (3). 

sin u 
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212. Cor. 2. Hence, as in Art. 132, if Qik) be the middle 
point of QQ', we have 

2m cos - A sin 6 = (4), 

which is therefore the condition necessary in order that the 
point Qih) may be the middle point of a chord which makes an 
angle B with the axis of x. 

Prop. LI. 

213. If QQ', RB! be two chords of a parabola, and P their 
point of intersection, the ratio PQ , PQ i PR . PR! is not 
altered by moving each chord parallel to itself, and so shifting 
the position of P in any manner. 

By the previous Article we have 

sm u 

being the angle which QQ' makes with the axis, and (hk) the 
point P. In the same way, if be the angle which RR makes 
with the axis, we have 

PR.PE^ A:'- 4mA 

sm*0 ^ 



therefore 



PQ.PQ ^ sin'» 
PR. PR sin»0* 



Now if we move each chord paraUel to itself in any manner, 
we do not alter or ; hence the truth of the proposition is 
manifest. 

Cor. If either or be equal to or tt, we must state this 
proposition somewhat differently. Suppose that 6=0, then the 
equation (1) becomes 

- 4mr + A* - 4mA = 0, 

which shews that the right line meets the parabola in only one 
point, Q suppose, and that 

4m 
Therefore, by (5), we have 

PR . PR! 4m 



PQ sin> 



I 

2 
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Hence, if from any point P of a chord RSi we draw the line 
PQ to the parabola parallel to the axis, the ratio PR, PR : PQ 
is not altered by moving PQ or RK parallel to itself in any 
manner. 

The remarkable property of two intersecting chords proved 
in this proposition is true for all the conic sections. 



Properties of the Parabola connected with Tangents. 

Prop. LII. 
214. To determine the equation of the right line which 
touches a parabola at a given point. 

Proceeding exactly as in Arts. 135, 136, if we suppose the 
right line in Art. 210 to move parallel to itself till Q and Q 
coincide, and if we also suppose P to coincide with Q, the 
equation (2), Art. 211, becomes 

a 2m cos - A sin ©, 
or tan 6= — (1), 

which is the tangent of the angle which the line touching the 
parabola at the point (hh) makes with the axis. 

Hence the equation of this line, since it passes through (M), 

is k{y -k)- 2m(x - A) = 0, 

which, since k? = 4mA, becomes 

ky - 2m(x^ h)^ (2), 

and this is the equation required.* 

* We may obtain this result somewhat differently in the following 
manner. 

Let (M), {h'k') be any two points on the parabola ; then the equation of 
the line drawn through these points is 

y_A=^*(x_A) (4), 

Now, subtracting the equations A;* = 4mA, A;'* c= 4mA', we find k^-k* 

K — K 4wi 

!= 4m (A' - A), and therefore 77 — = = y, — =■ ; hence the equation becomes 
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Prop. LIII. 

215. If y = oa; + j3 be the equation of any tangent of the 
parabola^ to determine what relation must hold between a 
and /3. 

Let Qih) be the point of contact, then, by Art. 214, the two 

equations 2w 

y = a;r + /3, and y = -j- {x-\-n), 

must represent the same line, and therefore we have 

2m 2mh 



= a 



* "' k 



= /3; 



therefore aj3 = ^ = m, since A* = 4mA. 

Hence a)3 = m is the relation required.* 



whicli equation may be made to differ as little as we please from the equation 

y-k=^{x-h) (5), 

by bringing the point {h'k') sufficiently near to the point {hh). Hence the 
line represented by (4) may be made to approach as near as we please to the 
Hne represented by {6\ by making {h!1c') approach {hk) ) which evidently 
cannot be, unless (5) be the tangent at the point {hk). (5) therefore repre- 
sents the tangent at {hk\ and it may be reduced, as in the text, to the form 

ky = 2m (x + A). 
It is erroneous to say that the line (4) becomes the line (5) when {h'k!) 
coincides with {hk), for two reasons: 1st, when {h'k) and {hk) coincide, 
(4) is no longer a definite line, but any line whatever drawn through {hk) ; 
2ndly, we are not at liberty to divide the equation 

A;''-Aj*-4m(A'-A) = 0, 

by A' - A when h =^h\ for there is no rule of Algebra which enables us to 

K — k 4w2 
divide an equation by zero ; and therefore we cannot prove that t; — ? - ji — r 

when {h'k') and {hk) coincide. 

* We may prove this result somewhat differently, as follows. 

If we eliminate y between the equations y = «a: + /3 and y* = 4ma;, we find 

(«a; + /3)" = 4»w;, or aV + 2(a^-2m) ar + ^ = 0. 

Now, if the line touch the parabola, this equation, which determines the 
abscissse of their points of intersection, ought to give two equal values of x, 
and therefore its first member ought to be a perfect square ; we have therefore 

a«/3» = (ajS - »2m)*, or a/3 = m. 
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Hence the equation of a line touching a parabola (in terms 
simply of the angle it makes with the axis) is 

y = ax+ — (3). 

a 

Prop. LIV. 

216. To determine the subtangent and subnormal of any 
point of the parabola. 

If T (fig. 69) be the point where the tangent at P meets 
the axis, the line TM is called the subtangent; and if PG be 
perpendicular to PTy PO is called the normal^ and MO the 
stibnormaL 

The point P being (hk) the equation of PT is 

% - 2m (a; + A) = (1), 

and, PO being a Kne drawn through (AA) at right angles to this 

line, its equation is 

2w (y - *) + A (a: - A) = (2). 

And, if we put y = 0, ar becomes AT in (1), and AO m 
(2). Hence 

AT=-h, or TA^hy and^G = 2/» + A; 
and therefore TM^ TA + AM= 2A, MO = AO - AM = 2w. 
Hence the subtangent of P is twice the abscissa {AM), and 
the subnormal twice the distance AS. 

217. Cor. TS = TA + AS =^ h + m ; but, by Art. 202, 
SP = m + h; hence TS = /SP, therefore the triangle TSP is an 
isosceles triangle, and the angle TPSis equal to the angle PTS. 
Hence the tangent at P makes equal angles with SP and the 
axis ; or, if we draw PN parallel to AS, the tangent PT bisects 
the angle SPT* 



* We may shew this geometrically, as follows. 

Let P (fig. 70) be any point of the parabola taken very near P, draw 
PQ, PQ parallel to AS, P T perpendicular to QP, and take SU=SP, 
Then, since SP = PQ and SP' = P'Q, we have VP'^UP'; also, since 
SP e 8U, and U may be taken as near P as we please by making P' 
approaek P, it 4s evident that the angles at U may be made to differ from 
right angles as little as we please. Hence in the triangles PUP, PVP', 
we have PP' common, P'V= PU, and P' UP may be made as nearly equal 
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218. This may be also shewn as follows. 

The equation of TP being ky - 2m{x^h)^ 0, we have 

2m 
and therefore tan 27 = — 



^^ IF 
Now the equation of SP, a line drawn through (m, 6) and 
(A*)^ is y ^ X -m 

k - k - m' 

k 

and therefore tan PSX = = tan 221 

h - m 

Hence PSX = 2PTIS; and therefore PTS^SPT. 

Prop. LV. 

219. To find the locus of the intersection of a tangent with 
the perpendicular let fall upon it from S. 

By Art. 215, the equation of the tangent is 

y=arc+ - (1), 

a 

and the equation of a line at right angles to this through S is 

y = --{x-m) (2). 

a 

Suppose X and y to have the same values in (1) and (2), and 
therefore to belong to the poiQt of intersection of the two lines ; 

then (1) - (2) gives / i \ 

• f a + - j a; = 0, 

which, since a + - cannot be zero in general (nor indeed in any 

a 

case) gives ^ ^ q. 



to P'VP as we please, by maiing P' approach P; therefore PP'?7 may be 
made as nearly equal to PP'V aa we please, by making P' approach Pi 
which cannot be, unless the tangent at P makes equal angles with P8 and 
PQ^ 
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which, being true for all values of a, shews that the point of 
intersection of the two lines is always on the axis of y. Hence 
the axis of y is the locus required* 

220. CoR. 1. This proposition suggests the following method 
of drawing (geometrically) a tangent, or rather two tangents, to 
a parabola from any given point ?7(fig. 72). 

Join S and ?7, on SU as diameter describe a circle cutting 
AY ^,t R and B! ; then the lines drawn from U through R and 
R will touch the parabola. 

This is evident, since SR U and SR U are right angles ; and 
therefore, by the proposition just proved, UR and UR produced 
must be tangents to the parabola. 

221. Cor. 2. If J7 be on the directrix, the point V where 
SU meets A Y must be the middle point of SU; therefore RR! 
must be a diameter of the circle, and consequently R UR! must 
be a right angle. Hence the two tangents drawn fi'om any point 
of the directrix must be at right angles to each other. This we 
shall prove analytically in the following proposition. 

Prop. LVI. 

222. To determine, analytically, the tangents of a parabola 
which pass through a given point. 

The equation of the tangent is 

m 
y = ax •{■ —. 
^ a 

Suppose it to pass through a given point (hk), then we have 

k = ah + — , 
a 



* This may be shewn geometrically) as follows (fig. 71). 

Let PJ2 be the tangent at P meeting QS at H; then, since FS=:PQ^ 
and QPM = SPItj PR must be at right angles to 8R ; also we have 
SR = ltQf and therefore, since SA = AEj Alt must be parallel to JEQ, i.e. 
Alt is the axis of y. Hence the tangent and perpendicular from S upon it 
intersect in the axis of y. 
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which equation gives two values of a, and therefore shews that 
in general two tangents may be drawn through a given point. 
If a, a be the two roots of (1), the equations of the two tangents 

^^^ wi fit 

y = aa: + — (2), y = a'^r + -7 (3), 

a a 

223. CoR. To determine the locus of the point of inter- 
section of two tangents at right angles to each other. 

K(2) and (3) be at right angles, we have 

tttt' + 1 = 0. 

But, by (1), aa' = —; hence 

-y- + 1 = 0, or h = - my 
h 

which shews that the point of intersection of the two tangents is 
always on the directrix. The directrix is therefore the locus 
required. 

Prop. LVII. 

224. The tangent at P, and the right line drawn through S 
at right angles to /SP, meet the directrix at the same point. 

. Supposing Qik) to be P, the equation of the tangent is 

% - 2w (:c + A) = ; 
and therefore, putting a: = - m, we find that the ordinate of the 
point where the tangent meets the directrix is 

2m (A - m) 

I • 

k 

Now -rz is evidently the tangent of the angle which SP 

h — m 

makes with the axis, and therefore the equation of the line 

drawn through S at right angles to SP is 

h- m . . 

y = J- {x--m)i 

and therefore, putting a: = - m, we find that the ordinate of the 
point where this line meets the directrix is 

2m (h - m) 
k • 
Hence the two lines meet the directrix at the same point. 
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Prop. LVIII. 

225. To find the length of the perpendicular upon the tan- 
gent from the focus. 

The equation of the tangent being 

ky = 2m (x + A), 
the length of the perpendicular upon it from the point (m, 6) is, 
by Art. 69, 2m (m + K) 

Hence, if we represent this length by /?, and observe that 
J^ = 4mA, and m + A = SP = r, suppose ; we have 

]^ = mr,* 
which gives the perpendicular upon the tangent in terms of the 
radius vector of the point of contact. 

Prop. LIX. 

226. To determine the equation of the line joining the 
points of contact of the two tangents drawn from a given point 
to a parabola. 

Let (AA) be the given point, and {xy) either of the points of 
contact ; then the equation of the tangent gives 

hy - 2m (a; + A) = ; 
and, reasoning just as in Art. 139, we may shew that this is the 
equation of the line joining the two points of contact, q. e. f. 

Cor. 1. Hence, reasoning exactly as in Art. 140, we may 
shew that the locus of the intersection of the two tangents drawn 
at the extremities of any chord passing through the point (AA) is 

ky - 2m (x + h) = 0. 

227. Cor. 2. Hence it appears that the equation, 

ky - 2m (a; + A) = 0, 
represents three very different lines, namely, 1st, the tangent at 
the point (AA); 2ndly, the line joining the points of contact of 



♦ This result is easily proved geometrically, thus : 
In fig. 71, since SRP^W, ItAS=9QP, we have 

SP : SR = SB: SA, and /. SP.SA = SR", 
which gives ^ = mr. 
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the two tangents drawn from the point Qik); and 3rdly, the 
locus of the intersection of the two tangents drawn at the extre- 
mities of a chord which always passes through the point (hk). 

228. Cor. 3. Hence the locus of the intersection of the two 
tangents drawn at the extremities of a chord, which always 
passes through the focus, is the directrix. For, putting A = 0, 
A = m in the equation ky - 2m (a; + A) = 0, it becomes a: = - m, 
which represents the directrix. 

229. Cor. 4. Hence, by Art. 223, the two tangents at the 
extremities of a focal chord are at right angles to each other. 

Properties of the Parabola connected vnth Diameters. 

Prop. LX. 

230. To determine the diameter of a given system of 
parallel chords in the parabola, i,e, the locus of the middle 
points of the chords. 

Let be the angle which any chord makes with the axis, 
and {xy) its middle point; then, by Art. 212, we have 

2m cos - y sin © = ; 
and consequently, if we suppose the chord to move parallel to 
itself, and therefore to be invariable, this equation represents 
the locus of its middle point. Hence the diameter of a system 
of parallel chords, inclined at an angle to the axis, is the right 
line whose equation is y ^ ^m cot ©, 

which represents a line parallel to the axis. 

231. Cor. If we suppose the chord to move parallel to 
itself until its extremities coincide, it then becomes a tangent ; 
and hence it follows that the tangent at the extremity of any 
diameter is parallel to the chords of that diameter. This may 
also be easily seen from the equations of the diameter and tan- 
gent ; for if (hk) be the extremity of any diameter, and the 
angle its chords make with the axis, we have, by the equation of 

the diameter just obtained, 

4^ /) 2m 
tan ^ = -— ; 

k 
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hence, by the equation of the tangent (Art. 214), 6 is also the 
angle which the tangent at (Jik) makes with the axis ; therefore 
the tangent is parallel to the chords. 

Prop. LXI. 

232. To find the equation of the parabola referred to any 
diameter as axis of z, and the tangent at its extremity as axis 
ofy. 

Let QX', TQY' (fig. 73) be any diameter and the tangent at 
its extremity, RPR' any chord parallel to QY'y and therefore, 
by the preceding Article, a chord of the diameter QX', and con- 
sequently bisected by QX' at P. 
Then, by Art. 213, we have 

PB.P^ ^ TQ, TQ 
PQ~ TA ' 

or PR = ^ . PQ, since PR = PR, 

Hence, if we put 

PQ = Xy PR = y, and yp-j = 4m', for brevity, 

we find y* = 4m'x (1) >* 

which, being a general relation between the co-ordinates of any 

_ L . !■ - r- . . ■ . - > — - ■ ^-^^^^^^^■^^^^^■— ^ 

• This result may be obtained by transformation of co-ordinates, in the 
following manner. 

If in the equation y* = 4ma; (which is referred to AX, AY) we put 
for a;, A + ar + y cos 6, and for y, A; -I- y sin 6, we have 

(A; -I- y sin 0) *= 4m (A + a; + y cos e) . . . . (2) ; 
and this substitution amounts to transferring the origin to (M), and inclining 
the axis of y so that it may make an angle 6 with the axis of x, (this appears 
easily from fig. 74, where AM and MM are the old x and y, and QFy Fit 
the new ; AN= h, NQ = k, BPX'=^ B), (See Art. 110.) 

Now, supposing (hk) to be the extremity of any diameter, and 6 the angle 
which its tangent makes with AX, we have k^ = 4wiA, and Aj sin ^ «= 2w cos B ; 
hence (2) becomes 

y« = -r4^ X = 4m'a:, putting -—— = 4m. 
sm y sm w 

Also, -^=4m(l + cot*0) = 4m 1+ — ; =4(m + A) = ^Q. 
sm* B ^ ' \ 4ti)ir j 

H 
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point of the parabola referred to QX', QY', is the equation 
required. 

Let AM(= h) MQ (= K) be the co-ordinates of Q referred to 
AXy A Y\ then, since TA = AM^ h (by Art. 216), we have 

-—-J = — I = A + m, since k = 4tmh 

TA h 

= SQy by Art. 202. 

Hence m' = SQ, 

It appears therefore that the equation of the parabola referred 

to QX! and QY' is of exactly the same form as the equation 

referred to -^X and AYy and that the coefficient of x in both 

equations is four times the distance of the origin from the focus. 

The quantity ^m is sometimes called the parameter of the 

diameter QX'.* 

Prop. LXII. 

233. A diameter and its tangent being taken as co-ordinate 
axes, to find the equation of the line touching the parabola at 
a given point (hk\ 

Proceeding exactly as in the note to Art. 214, we may shew 
that the equation of the tangent required is 

ky - 2m (x + h) = 0. 

234. CoR. 1. Hence the subtangent is, as before, twice the 
abscissa. 

235. CoR. 2. Hence, also, the equation of the line joining 
the points of contact of two tangents drawn from any point (hk) 
is, as before, ^y ^ 2m' (a; + A) = 0. 

236. Cor. 3. If in this equation we put y = 0, we find 
X = "hy and this is true whatever k be ; hence, if QJf (fig. 75) 
= A, and we take QN = - A, and draw NR parallel to Q Y'; the 
line joining the points of contact of two tangents drawn from any 
point of NR always passes through M. (See Art. 226.) 

* Suppose the double ordinate 221? to pass through the focus S; then, 
PQTS being a parallelogram, we have PQ = ST = 8P (hy Art, 217) = m'; 
hence by (1) we find (since x = PQ) y* = 4m'*, and therefore 2y = 4m'. 
Hence it appears that 4m' is equal to the double ordinate passing through 
the focus ; i, e, the double ordinate which passes through the focus is equal 
to the parameter of the diameter of that ordinate. 
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8S7. Cor. 4. If we put A = 0, the equation becomes ;r = - A, 
which represents a Kne parallel to QY'. Hence the Kne joining 
the points of contact of two tangents drawn from any point of 
a diameter (produced of course) is parallel to the tangent at the 
extremity of that diameter, and is therefore bisected by that 
diameter. 

This may be also seen immediately in the following manner. 
Let two tangents be drawn at the extremities of any double 
ordinate of a diameter, then the two subtangents (the diameter 
being axis of x) are equal, since they are each twice the abscissa 
of the double ordinate; and therefore the two tangents meet the 
diameter in the same point. Therefore, &c. 



Various Problems connected with the Parabola. 

238. A parabola being traced upon paper, to determine its 
axis. 

Let fig. 76 be the given parabola; draw any two parallel 
chords PP QQl, bisect them in M^ N, draw RS! perpendicular 
to MNy bisect BH! in -B, and draw BA parallel to MN; then 
AB is the axis required. 

@39. A parabola and its axis being given, to determine its 
focus. 

Let fig. 77 be the given parabola and AX its axis ; take any 
length AB on AX, draw BC equal to 2AB and perpendicular to 
AB, and through i, where AC produced meets the parabola, 
draw Z/S perpendicular to AX; then S is the focus required. 

240. Having given S, SP in magnitude and position, and 
the tangent at P in position ; to determine the parabola. 

241. The circle described on SP as diameter touches the 
axis A Y. 

Let (hk) be the co-ordinates of P ; then the equation of the 
circle, described on SP as diameter, is 

or a;' - (m + A) a: + y' - % + mh = 0. 

H2 
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Put X ^ 0, and we find (since k^ = 4mA) 

y' - % + - = 0, 

which, being a perfect square, gives two equal values of y; 
therefore the circle touches the axis of y. 

242. To describe a circle touching a parabola, and having 
its centre on the axis. 

The equation of a circle, having its centre on the axis at a 
distance h from -4, is r^ _ ^y ^ y^ ^ ^. 

if (xy) be one of the pomts of intersection of this circle and the 
parabola, we have y* = 4mx ; and therefore the equation of the 
circle becomes (^ _ f,y ^ ^^nx = a\ 

or a;' - 2 (A - 2m) x\T^ - c? ^^\ 

and if the circle touch the parabola, this ought to give two equal 

values of x \ therefore we have 

(A - 2my - A' - a\ 
or c^ = 4m (A - m), 

which determines the radius of the circle in terms of A, to which 
we may give any value we please not less than m. 

243. To shew, hence, that if d and d' be the diameters of 
the circles inscribed in, and circumscribed round, a portion of a 
parabola cut off by a double ordinate (fig. 78) whose length is 
q^ the length of the corresponding abscissa being p \ then 

d -\- d' = p + q. 
In the preceding problem, if we put h -p - a^ we find 

d + 4ma + 4m' = 4mp = — ; 

and therefore, putting 2a = rf, we have 

d = q - 4m. 
Again, let the equation of the circumscribed circle be 

a^ - 2a' X + ,y^ = 0, 

which, since it passes through the point f /?, | J , gives 

^ 4 
d' = lal = ~— - = » + 4m. 

P 
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Hence d + d' ^ p ■\' q. 

244. K P, P* be the points of contact of two tangents drawn 
from a point jT to a parabola, and if TPP' = 90°; then TP is 
bisected by the directrix. 

Let the co-ordinates of T be hk, and of P, h'k'; then the 
^equations of TP and PP are 

k'y- 2m(x}- h')= (1), 

ky - 2m(x + h)^ (2); 

and therefore, since these Knes are at right angles, we have 

?J.^=_1, or kk' + 4m' =0 (3); 

also, since (hk) is a point of (1), we have 

k'k -2mth-\- h')= 0; 
which, by (3), becomes 

2m + (A + A') = 0, or (- m) - A = A' - (- m) ; 
which equation shews that the point of Kne TP, whose abscissa 
is (- m), is half-way between the points T and P; i.e. TP is 
bisected by the directrix. 

245. To find the equation of the parabola referred to the 
foot of the directrix (JS) as origin, and the two tangents drawn 
from E (which, as we have seen, are at right angles to each 
other) as co-ordinate axes. 

We make jBthe origin by putting z-m for x, in the equation 
y' = 4mXy and we make the two tangents the axes of co-ordinates 
by putting, x cos (- 45°) - y sin (- 45°), for x, and, x sin (- 45°) 
+ y cos (- 45°), for y ; hence the equation of the parabola referred 
to the new axes, is 

or (x - yy - 4mV2 (a; + y) + 8m' = ; 
which, putting 2m V2 = a for brevity, may be reduced to the form 

(x -^ yj - 2a (a: + y) + a* = 4xy, 
or x + y-a = ±2 Vicy, 
or Va; ± Vy = Va, 

which is the equation required in a remarkably simple form. 
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246. A parabola whose focus is given touches a given line, 
to determine the locus of its vertex. 

Let S (fig. 79) be the given focus, and BC the given line ; 
draw SQ perpendicular to J?C7, and let A be the vertex of the 
parabola. Then, SQ being a perpendicular from the focus upon 
a tangent, Q must be a point of the line drawn through the ver- 
tex perpendicular to the axis; therefore SAQ is a right angle. 
Hence A is always on the circumference of the circle described 
on SQ as diameter; which circle is therefore the locus required. 

247. If TP (fig. 80) be any tangent of a parabola, P'Q any 
other tangent meeting TP in Q; then PQS is an invariable 
angle, whatever be the position of PQ. 

Draw AyY perpendicular to AS to meet the two tan- 
gents at Y' and Y. Then SYP and SY'P are right angles ; 
therefore SY'YQ is inscribable in a circle, and therefore 
Y'QS- YYSy which is an invariable angle whatever be the 
position of PQ. q. e. d. 

248. If TQ^ TQy and QQ' be any three tangents of a para- 
bola, the points T, Q, Q', and S^ lie in the circumference of the 
same circle, (fig. 81). 

By the last problem SQQ = SYY\ and SQQ = SY' Y; and, 
since SYT and SY' T axe right angles, SYY' + ^Y ' F = YTY ; 
hence SQQ + SQQ = QTQ, which shews that Q, a, T, and S, 
lie in the circumference of the same circle. 

249. To draw a normal from a given point {ah) to a parabola. 
The equation of the normal at the point (hk) is 

2w (y - A) + A (a: - A) = 0; 
and, if this line pass through the point (aJ), we have 

2m (J - A) + A (a - A) = 0, 

A' 
which, since A = — , becomes 

4m 

Ji? H- (8m* - 4ma) A - 8m*i = (1), 

which equation determines k ; and then, since h- — , we have 

^ 4m 

h also. 
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Since (1) is a cubic equation, we may in general draw three 
different normals from a given point to a parabola. 

250. To determine under what circumstances two of the 
three normals in the preceding problem coincide. 

In such a case (I) must have two equal roots, and therefore, 
by the theory of equations,* we have 

3** + 8m^ - 4ma = (2), 

which, putting ^ = 4mh, gives 

3A + 2m - a = 0. 
Also, in virtue of (2), (1) becomes 

k^ + 4m^b = ; 

hence we have (Am^b) ^ 4m ; 

which is the condition that must hold between a and 5, in order 
that two of the three normals drawn from (ab) may coincide. 

Hence every point of the curve whose equation is 

y =p(x - 2m), where JO = " ( — J ^ 

possesses the property, that two of the three normals, drawn from 
any point of it, coincide. This curve is called the evolute of the 
parabola, and sometimes the semicubical parabola. Its figure is 
shewn in (fig. 82.) 

251. To find the lengths of the two tangents drawn from a 
given point Qik) to the parabola. 



• Let a and h be two roots of the equation 

«* +^a:* + g'a; + r = (3)j 

then we have a' +^a* + g'o + r = 0, and 6* + ^6* + g'6 + r = 0; and therefore, 
subtracting and dividing by a-h, we find 

a» + a5 + 6*-fi?(a-l-6) + g' = (4). 

Now, suppose h to approach a in magnitude; then (4) will approach the form 

3a'4-2pa + 2' = (5); 

and therefore, when h becomes equal to a, the condition (5) must hold. 
Hence, if two roots of (3) be equal to a, we have 

a' + pa* + ^a + r = 0, 
and 3a' + 2pa ^q =0. 
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By Art. 210, we have the equation 

» 2m cos - k suxO A* - 4mA 

and if the roots of this equation be equal, r is the length of a 
tangent drawn from (hk) to the parabola. Supposing then that 
this equation is a perfect square, we have 

2m cos ^ A sin . ^ _ J^ ~ ^^^ (c)\ 

%\Y^ ^ ^ sin* fl 

Hence, if we put /^ - 4mA = c*, (2) gives 

sm = - cos = --^^ -^ ; 

r r 

and therefore (1) x sin* becomes, by (2), 

c* = 2m V(r* - c*) - kc, 

IV 2m 

which is the expression for the squares of the two required 
lengths, the value of c being ± V(A* - 4mA). 

262. If T be the point of intersection of two tangents drawn 
at the points P and P of the parabola ; to shew that the distance 
of T from the axis is an arithmetic mean between the distances 
of P and P from the axis. 

Let The (hk) and P, or P*, (xy), then 

ky = 2m (x + A), 
which, since y* = 4mx, becomes 

y* - 2% + 4mA = 0. 
Let y and y' be the two roots of this, then 

y + y' = 2A;, 
which shews that k is an arithmetic mean between y and y. 

Q. E. D. 



and .-. r- = c' f f ^-tiY + l} . 



CHAPTER IX. 



OP THE ELLIPSE. PROPERTIES OP THE ELLIPSE NOT CONNECTED 
WITH TANGENTS OR DIAMETERS. OF THE ECCENTRIC ANGLE. PRO- 
PERTIES CONNECTED WITH TANGENTS. PROPERTIES CONNECTED 
WITH DIAMETERS. VARIOUS PROBLEMS. 

253. The equation of the ellipse referred to its centre (C7) as 
origin is, by Chap, vi., ^ ^a 

4- ^ == 1 

or o 

a being the semi-axis major (CA), and b the semi-axis minor 
(CB). 

The polar equation referred to the focus {S) is, by Article 177, 

I 

1 - e cos * 

I being the semi-latus-rectum, and e the eccentricity. 
We have also, by Art. 176, 

e a 

The curve is perfectly symmetrical with respect to AA! and 
BSy so that there is another focus S' and another directrix 
E'K' (fig. 57), corresponding to aS and EKy CS' and CE being 

respectively ae and - . 

We shall now, by means of these equations and formulae, in- 
vestigate the various remarkable properties of the ellipse. 

Properties of the Ellipse not connected with Tangents or Diameters, 

Prop. LXIII. 

254. To find the distances of any point of an ellipse from the 
two foci. 
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Let (xy) be any point (P) of the ellipse ; then, since ae and o 
are the co-ordinates of S'y we have 

S'P" = (a: - aef + y», 

which, since y* = i' ( 1 - i j = («' - a:*) (I - ^)> becomes 

therefore S'P = ± (a - ea;). 

S'P here means the absolute distance of P from /S' without 
regard to sign ; hence, since e is < 1 and a: < a, and therefore 
a - ex 9i positive quantity, we must reject the lower sign. We 
have therefore ^p ^ a - ex (1). 

In like manner we find, since - ae and o are the co-ordinates 

^^^> SP'^ix^aeJ'^f 

= ^3^ + 2aex + a' ; 

and therefore SP = a + ex (2),* 

(1) and (2) are the expressions for the required distances. 

256. CoR. 1. By adding (1) and (2) we find immediately 

SP + SrP^ 2a. 
Hence the sum of the distances of any point of an ellipse from 
the two foci, is always equal to the axis major.f 

• (1) and (2) may be readily deduced from the polar equation of the 
ellipse, and geometrically as follows. 

In fig. 83, drawing QPQ parallel to AA', we have 



= a + ex, since BC =' - . 

e 

Also, ^P^eQ'P^e{E'C-CM) 

^a-ex, since jE'C= -. 

e 

We may also prove geometrically, that SP + S'P = 2«, as follows : 
/SP + ^'P = c (QP + Q'P) = c ( J?C+ J^'C) = 2a. 

t Conversely. To find the locus of a point P (fig. 84), the sum of whose 
distances from two fixed points, S and S', is invariable. 

Let 8P = r, S'P^f^, PSS'^e, SS' = 2c; and let 2a be the invariable 
sum of SP and S'P, Then we have r + / = 2a, or 

r «=^ r* +• 4a* - 4ar, 
but y*^ = r* + 4c* - 4cr cos 6 ; 
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266. Cor. 2. This remarkable property suggests the follow- 
ing method of drawing an ellipse mechanically. 

Fix the extremities of a string SPS' at two points S and S', 
(fig. 84), and with a pencil point P, keeping the string always 
full stretched, describe the curve PAP'A' ; then this curve 
will be an ellipse having its foci at S and S', and its axis major 
equal to the length of the string. 

257. CoR. 3. We may shew, as in Art. 203, that, to whatever 
axes of co-ordinates the ellipse be referred, the distance of any 
point of it from either focus is expressed by a linear function of 
the co-ordinates of that point. 

258. CoR. 4. We may obtain the values of SP and SP 
very easily from Art. 204. For the distance (r) of any point (pcy) 
of the ellipse from either focus must be a linear function of z 
and y, which gives r^Ax + By+C, 

and the equation of the directrix must be 

Ax + By + C ^ Oy 

which gives -B = 0, C= ±A-. 

e 

Also, since V(-4' + E^) = the eccentricity, we have A^ ± e ; 

hence ^ = ± (« ± ex), 

- a ±6X3 

since we suppose r to be a positive quantity. 

Prop. LXIV. 

259. K PSP* be any chord drawn through Sy the semi-latus- 
rectum is a harmonic mean between SP and SP', 

This may be shewn exactly in the same way as in Art. 207. 

Prop. LXV. 

260. Two given lines being drawn through the vertex A', 

therefore (^-ar = <?-cr cos 6, or r = -, , 

a~c cos w 

which, if we put c = o^, becomes 

l-e cos 6 ' 
which represents an ellipse. 
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to find the equation of the line joining the other two points in 
which they intersect the ellipse. 

Let the equations of the two lines be 

y = a{x - d)y y = o' (a; - a). 
Then both lines together axe represented by the equation 

y'^ - {a -¥ a){x - a)y -{■ aa {x - of (1). 

Now where this locus intersects the ellipse, we have 

Substituting this value of y^ in (1), and dividing out a?-a, we find 

- 3 (a; + a) - (a + d)y + ao' (a; - a) = . . . . (2), 

which, as in Art. 208, is the equation required. 
Putting y = in (2), we find 

y 

— 5 (« 4 «) + «a' (a: - a) s= 0, 
a 

which, if aa' = - 1, gives . A* - J* 

Hence, if any two lines be drawn from the vertex of an ellipse 
at right angles to each other, the line joining the other two 
points in which they cut the ellipse always passes through the 
same point of the major axis. 

Prop. LXVI. 

261. If a circle be described on the axis major as diameter, 
and the ordinate MP be produced to meet it in P' ; then 
MPiMP' ::b:a. 

For from the equation of the ellipse we have 

MP'^^^ia'-^a?); 
a 

and from the equation of the circle 

MP'^ = a* - a?, 

,, . MP h 

therefore -— — = ~ . q. e. d. 

MP a 
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Prop. LXVII. 

262. To determine the length (r) of a Kne drawn, at an 
angle to the axis of Xy from any point (hk) to the ellipse. 

Proceeding exactly as in Arts. 128, 210, putting h + r cos 
and k + r sin for x and y, in the equation of the ellipse, we find 

(A + r cos 0f (k -\- r sin 0f __ 
a 

which may be put in the form 

Z7r* + 2 Tr + ^= (1), 

whprP ^r_cos^ sin^ ^ Acosg A sin g 

ir= -+ - - 1 

(1) determines the required distance. Since it is a quadratic 
equation, the right line must in general intersect the ellipse in 
two points, whose distances from {Jilt) are the roots of (1). 

263. Cor. 1. Using the same notation as in Art. 129, we 

have TT 

PQ + PQ=-2 ^ (2), 

PQ.Pa= ^ (3). 

264. Cor. 2. Hence, as in Art. 132, if (hk) be the middle 
point of QQy we have F'= 0, or 

A cos A sin ^ .,. 

-^ + -^r-=0 (4); 

which is therefore the condition necessary in order that (hk) may 
be the middle point of the chord which makes an angle with 
the axis of x. 

Prop. LXVIII. 

265. If QQ' and HR' be two chords of an ellipse, and P 
their point of intersection, the ratio PQ,PQ' : PR,PR' is not 
altered by moving each chord parallel to itself, and so shifting 
the position of P in any manner. 

By the previous Article we have 

PO PO'-^ yA' + a'/<? - aV 
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d being the angle which QQ makes with the axis, and (hk) the 
point P. In the same way, if be the angle which MS! makes 
with the axis, we have 

pj? Pif- y^' + <^k' - «'y . 

cos + a sm ^ 

, . PQ.PQ __ y cos" » + g' sin" » 

""^ PR.PB: "" 6" cos" fl + a" sin" e • 

Now if we move each chord parallel to itself in any manner, 
we do not alter or ; hence the truth of the proposition is 
manifest. 

Prop. LXIX. 

266. To find the polar equation of the ellipse referred to the 
centre as pole. 

a:' «/" 

In the equation — i + ^ = 1> 

a 



put a; = r cos 0, y = r sin 0, and it becomes 

cos" sin" 6 



, / cos u sin 17 \ - /,x 



*''' ^^ V(y cos" + a" sin" 0) ^ '^' 

which is the equation required. It is sometimes given in the 

*>"^ ^ a V(l - ^) 

*" " \/(l - c* cos" 6) ' 

267. CoR. By (1) we have 

2 ^ cos"e sin" 9 
r" " a" ■*■ i" ^ 
and if r' be the radius vector drawn at right angles to r, we 

have, putting fl + - for 0, 

i = gj^'^ cos'g 

Hence, by addition, we find 



1 £ _ j_ _l 



J 
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It appears therefore, that the sum of the reciprocal squares of 
two radii vectores, drawn from the centre of an ellipse at right 
angles to each other, is invariable. 



Of the Eccentric Angle in the Ellipse, 

Prop. LXX. 

268. The co-ordinates x and y of any point of an ellipse 
may be put in the form a: = a cos 0, y = i sin 0. 

Let us assume, as we mav, that - = cos th : i.e, let be the 

a ^ ^ 

angle whose cosine is - ; then, substituting in the equation 

a 

we find ^ = 1 - cos' = sin' 0, 

and therefore \ = sin <b, 



Hence we may assume x - a cos 0, and y = i sin 0. 

269. Cor. 1. If we describe a circle AP'A' (fig. 85) on 
A A' as diameter, produce the ordinate MP to meet it in P', 

and join P* and C; PCM is the angle whose cosine is - . 

For cos PCM = : = — ; = -. 

CP CA' a 

Hence, if we produce the ordinate to meet a circle described 
on the axis major as diameter, and draw a line from the point of 
meeting to the centre, ^ is the angle which that line makes with 
the axis major. 

270. CoR. 2. Draw PQB parallel to PC? to meet CB in R 
and CA in Q; then PQ = P(7= a, and PQA' = PCA' = 0. 

Hence <p is the angle which a line, equal to o, drawn from 
P to BB, makes with AA'. 
Since y = J sin 0, we have 

J sin - Pifcf = PQ sin PQA' = PQ sin 0, 
therefore PQ=: b. 
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Hence is the angle which a line, equal to h, drawn from 
P to AA', makes with AA'. 

Hence, if a line be drawn from any point P of an elKpse to 
BBy .equal in length to a, the part of it intercepted between P 
and AA is equal to 5. 

271. Cor. 3. Hence, if AA' , BB be two lines at right 
angles to each other (fig. 86), and PQR any line intersecting 
them, so that PR = a, PQ=b; then P is a point of the ellipse 
whose axes coincide with AA' and BB, and are equal to 2a 
and 2b, 

212. Cor. 4. Hence, if we suppose PQR to be a ruler 
having a pin at R and another at Q, and if AA', BB be grooves 
in which these pins run, a pencil at the point P will trace an 
ellipse. In this manner an instrument for drawing ellipses, 
called an elliptic compass, has been constructed. 

273. The angle <p we have here introduced is of con- 
siderable importance, as will appear, in proving several pro- 
perties of the ellipse. It is made use of in Astronomy, and has 
been termed the eccentric anomaly, certain angles being called 
anomalies by astronomers. Instead of the word anomaly we 
shall employ the word angle, and accordingly call (p the eccentric 
angle of the point P. 

If therefore be the (eccentric angle of any point of an elhpse, 
a cos and b sin are the co-ordinates of that point. 



Properties of the Ellipse connected with Tangents, 

Prop. LXXI. 

274. To find the angle which the line touching an ellipse at 
any point (hk) makes with the axis of x. 

As in Art. 135, if we suppose Q and Q! in Art. 263, to coin- 
cide, the line PQQ becomes a tangent at the point Q ; and we 

then have, by equation (2), 

jr 
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which, if we suppose P to coincide with Q, gives V- 0, or 

h cos B k sin 6 

1 — + —IT- = ^y 

a 

T2TL 

and therefore tan = 

121 

Hence — ^^ is the tangent of the angle which the line touch- 
ing the ellipse at the point Qik) makes with the axis of x, 

275. Cor. 1. Hence the equation of the tangent at (hk) is, 

by Art. 60, j, j, 

-, (« - ^) + jj (y - *) = 0, 



which, since 



h' 

a^ 


+ 




1, becomes 


hx 


+ 


ky 


= 1 


a' 





(1)* 



* This result may also be obtained, as in the case of the parabola, as 
follows. 

The equation of the line joining any two points (M), (A'A/) of the ellipse is 

h'-h 



y-^=F-4(^-^) (4). 



Now, subtracting the equations 

J — 1 L si 

_ , r-Aj« h^-h^ , k^-k 6« A' + A 

^efind -^ = -— ^, and /. ^^r:^ — -, ^r-^' 

and therefore (4) becomes 

which equation may be made to differ from 

as little as we please, by bringing the point {h'k') sufficiently near to (hk). 
Hence, reasoning exactly as in the case of the parabola, (5) must be the 
tangent at (hk). (5) may be reduced, as in the text, to the form 

Aa? % 
^ ^ b*~^' 
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276. Cor. 2. Hence, if T and T be the points where the 
tangent at (AA) meets the major and minor axes, we have, by 
Art. 57, f^ ft« 

(77= % cr = %* 

h k 

Prop. LXXII. 

277. If (ax + /3y = 7) be the equation of any tangent to the 
ellipse, to determine what relation must hold between a, j3, and 7. 

Let (hk) be the point of contact ; then the two equations 

ax By ^ ^ hx ky , 

— + ^^ = 1, and -r + -f- = 1, 

must represent the same line. Therefore 

a K ^ k 

y a 76 

and therefore, since ( - j + f ^ J = 1 , we have 

Hence the required relation between a, /3, and 7 is 

• This result may be proved geometrically as follows. 

On A A' (fig. 87) as diameter describe a circle, produce any two ordi- 
nates, MP and M'P, to meet it in Q and Q', and draw the lines QQ, P'P; 
then these lines produced must meet CX in the same point Tj as is evident 
from the fact, that MPiMQ^ M'F : M'Q, by Art 261. Now if P 
and Q be supposed to approach P and Q, PT and QT will ultimately 
become tangents at P and Q. But, if QT be a tangent at Q, CQT is a 

right angle, and therefore CT : CQ = CQ : CM\ which, since CQ = a, gives 

a* 6* 

CT= -T . And in the same way we may shew that CT' = - . 
h . K 

t This result may be obtained independently in the following manner. 
Let {xy) be either of the points of intersection of the line and ellipse 
represented by 

ax^Py^y (3), ^+^ = 1 (*)• 

Then (S)* - (4) y« gives U» - ^"j a:« + 2a^ay + f ^' - ~ ^ y* = . . . (5). 
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278. If y = arc + 7 be the equation of a tangent, this relation 
gives y* = aV + V : hence the equation of any tangent of an 
ellipse may be put in the form 

y=^ ax ± ^{a^c? + i^. 
The double sign shews that two tangents may be drawn at 
the same angle to the axis of x ; which is manifestly true. 

Prop. LXXIII. 

279. To find the equation of the normal at any point (hk) of 
an ellipse, and the portions it cuts off from the axes. 

The tangent makes an angle tan'* ( — ^\ with the axis of Xy 

and the normal is the perpendicular to it drawn from the point 
(hk) ; therefore the equation of the normal is 

a^k (a; - A) - Vh iy-'k)= 0, 

which is the equation required. 

Hence, if G and O' be the points where the normal meets the 
axis major and the axis minor, we have 

CG = ^-^ h = e'h, 
a 



CG'=''-^k^-'t^k, 



r^ * " " ^ 

which are the portions required. 

280. Cor. 1. Hence the normal at P bisects the angle SPS\ 
For we have (in fig. 88) 

SG= SC^ CG^ae-v ih = eSP, by Art. 254, 

S'G = S'C - CG^ae- e^h = eS'P; 

This equation gives, in general, two values of - ; but, if (3) be a tangent, 

the two values ought to become equal, and therefore (5) ought to be a 
perfect square ; which gives 

fa"-^^ f^-^'jrza'/S*, or 7» = aV + 6*^, as above. 

I2 
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therefore SG : S'G = SP : S'P, 

which shews that PG bisects the angle SPS'. q. e.d* 

281. CoR. 2. Hence the tangent at P makes equal angles 
with SP and S'P. This result may be proved geometrically 
by means of the property, SP + S'P = 2a, in exactly the same 
way as in the case of the parabola. See Art. 217, note. 

Prop. LXXIV. 

282. To find the locus of the intersection of a tangent with 
a perpendicular let fall upon it from either focus. 

By Art. 277 the equation of the tangent is 

ax-\-(iy=± V(aV + b'(y) (1), 

and the equation of a line drawn perpendicular to this from 
S or S', is fi(x ± ae) - ay = 0, or 

(ix--ay = ±(i^/(a'-b') (2): 

(1)'* + (2)* gives immediately, dividing out a^ + /3^ 

* The following is a more analytical proof of this property. 

Let e and 6' be the angles which SP and S'P make with A A' ; then 

we have j^ ^ 

tanO=- , tanO' = 



A + ae * h-ae* 

and therefore tan (0 + 0') = — -^^-— ; 

which, if we put A = a cos </>, and therefore A; = 6 sin </> (Art. 268), becomes 

2ah sin </> cos i> 



tan (0 + 0') = 



a* cos* - a* + i* - 6* sin* 
2ah sin <t> cos 4> 



6' cos* </> - a* sin* <l> ' 
Now, if ^ be the angle which PG makes with AA', we have 

a*A a sin </> 



tan ^6= 



h^k b cos <t> ' 



and therefore tan 2 ^ = 2«*«in*c<>«» . 

0* cos* fp-a* sin* <p 

Hence + 0' = 2^; which shews that PG bisects the angle SPS', 



J 
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Hence the locus required is a circle described on the axis major 
as diameter.* 

283. Cor. This proposition suggests the following method 
of drawing (geometrically) a tangent, or rather two tangents, to 
an ellipse from any given point TJ (fig. 90). 

Join S and ?7, and on STJy as diameter, describe a circle 
cutting the circle described on AAy as diameter, at iZ and i? ; 
then the lines drawn from TJ through JB and jB' will touch the 
ellipse. 

This is evident, since SR U and SR' U are right angles, and 
therefore, by the proposition just proved, the lines drawn from 
i7 through R and R must be tangents to the ellipse. 

Prop. LXXV. 

284. To determine analytically the tangents of an ellipse 
which pass through any given point. 

The equation of the tangent is 

y - ax = ± '^{cfcL + V), 

Suppose it to pass through a given point (AA), then we have 

{k - aKf = aV 4- h\ 
. 2hk V-k^ ^ 

which equation gives two values of a ; let them be a and a ; 
then the equations of the tangents required are 

(i/ - k) =: a(x - h). . . .(2), y - k = a (x - h). , ^ ,(3). 

285. CoR. To determine the locus of the point of intersec- 
tion of two tangents at right angles to each other. 



* This may be shewn geometrically as follows : 

Let SY be the perpendicular from S upon the tangent (YP) at P 
(fig. 89); produce S'P and SY to meet in Q. Then, since QPF= SPY, 
by Art. 281, we have PQ = PS, and therefore, by Art. 255, S'Q = 2a ; and, 
since SC= OS' and SY= YQ, we have CY^i S'Q = a. Therefore Y is 
a point on the circumference of the circle described on the major axis as 
diameter. 



i 
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If (2) and (3) be at right angles, we have 

aa' 4 1 = 0; 



but, by (1), ao' = 



d-U' 



V - W 
therefore — — - +1=0. 

a' - U 

or A^ + A» = a* + h\ 

Hence the locus of the point (AA) is a circle described with C as 
centre and V(a' + V^ as radius. 

This may also be shewn very readily as follows. 

The equation of any tangent is 

cia: + i3y = ± V(aV + 5*/30 (1), 

and the equation of a tangent at right angles to it is 

jSa: - ay = ± V(a*i3' + 6V) (2), 

(1/ + (2)' gives immediately 

a:* + y* = a* + J ^ 

which is the same result as before. 

Prop. LXXVI. 
286. If p and p be the perpendiculars from S and S' upon 
any tangent, to shew that j»p' = V, 

The equation of the tangent being 

aa; + ^y = 7 = V(aV + V^^\ 
we have, by Art. 69, the points S and S' being (- oe, 0) and 
{ae, 0), _ 7 + <*^^ / _ 7 - qgg 

therefore pp = ' r . ^^ — - 



2 2 



y/3* + Va 



= J'. Q. E. D. 



287. Cor. If we denote SP and S'F by r and r', it is 
evident, since SP and SP make equal angles with the tangent 
at JP, that p f 



PLANE CO-ORDINATE GEOMETRY. 119 



multiplying this by pp - b"^, we find 



r 



= h^ , since r' + r - 2a, 

2a - r 

which is an expression for the perpendicular from S upon the 
tangent at P, in terms of SP, 

Prop. LXXVII. 

288. To find the perpendicular from C upon the tangent, in 
terms of the angle which the tangent makes with the axis of x. 

The equation of a line making an angle with the axis of x 
and at a perpendicular distance jo from the origin is, by Art. 57, 

y cos - X sin = p, 
and, by Art. 277, if this be a tangent, we have 

/ = a' sin'' 0^6' cos' 0, 

which is therefore the expression for the perpendicular required. 
It is often put in the form 

/ = a'(l -e^cos'0), 
by substituting for 5* its value a* - a^e^. 

Prop. LXXVIII. 

289. To determine the equation of the line joining the 
points of contact of the two tangents drawn from a given point 
to an ellipse. 

Let (hk) be the given point, and (xy) either of the points of 
contact ; then the equation of the tangent gives 

hx hu 

2 ^ 1.2 ^ 

a 

and, reasoning just as in Art. 1 39, we may shew that this is the 
equation of the line joining the two points of contact. 

290. Cor. 1. Hence, reasoning exactly as in Art. 140, we 
may shew that the locus of the intersection of the two tangents, 
drawn at the extremities of any chord passing through (AA), is 

hx ky 
a 
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291. Cor. 2. Hence the locus of the intersection of the two 
tangents^ drawn at the extremities of any chord passing through 
Sy is the directrix JBJBT. For, putting A = 0, h => - ae, the equa- 
tion of the locus becomes x = — , which represents -BJBT. 

e 



Properties of the Ellipse connected with Diameters. 

Prop. LXXIX. 

292. To determine the diameter of a given system of parallel 
chords in an ellipse. 

Let be the angle which any chord makes with the axis of re, 
and (xy) its middle point ; then, by Art. 264, we have 

a:cos0 ysinO ^ ,,, 

and consequently, if we suppose the chord to move parallel to 
itself, and therefore to remain invariable, this equation repre- 
sents the locus of its middle point. Hence (1) is the equation of 
the diameter of the system of parallel chords which make an 
angle with the axis of x. 

293. Cor. 1 . If we suppose the chord to move parallel to 
itself until its extremities coincide, it then becomes a tangent ; 
and hence it follows, that the tangent at the extremity of any 
diameter is parallel to the chords of that diameter. This may 
also be easily seen from the equations of the diameter and tan- 
gent ; for, if (hk) be the extremity of any diameter, and the 
angle its chords make with the axis of x, we have, by the equa- 
tion of the diameter just obtained, 

tan = — — ; 
a'k ' 

hence, by Art. 274, is also the angle which the tangent at (AA) 
makes with the axis of x. Therefore the tangent is parallel to 
the chords. 

294. Cor. 2. The equation (1) shews that every diameter 
of the ellipse passes through the centre (C), ITierefore every 
chord drawn through C is bisected at C. 
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296. CoR. 3. If O' be the angle which the diameter (1) 
makes with the axis of Xy we have 

tan ff —-: — ;: , and therefore tan tan ff = - -^. 

or sm d a 

Hence, if and 9 be the angles which a system of parallel 
chords and their diameter respectively make with the axis of x, 
we have the relation 

y 

tan e tan fl' = - -5 (2), 

from which we may find either & in terms of 0, or in terms 
of ff. 

Prop. LXXX. 

296. If one diameter be parallel to the chords of another, 
the latter diameter will also be parallel to the chords of the 
former. 

Let us denote the two diameters by D and D^, let 0, Q^ be 
the angles which their chords, and &, 0/ the angles which they 
themselves, respectively, make with the axis of x. Then, by (2), 

^e l^ave tan 6 tan O' = tan 0, tan 0/, 

which shews that, if tan B = tan 0/, then tan 0^ = tan &. Hence, 
if the chords of D be parallel to Z>j, the chords of D^ will also 
be parallel to D, q. e. d. 

Two diameters thus related are called conjugate diameters, 

297. Cor. 1. Hence, if and 0^ be the angles which two 
conjugate diameters make with the axis major, we have 

V 
tan tan 0' = - — . 

a 

298. Cor. 2. If {xy) and (a;'y') be any points on the two 
conjugate diameters respectively, and therefore ^ = tan 0, 
^ = tan 0' ; we have 

y y' - *' or — + yy' - 
XX a a 
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Prop. LXXXI. 

299. If ^ and 0' be the eccentric angles of the extremities of 
two conjugate diameters, then 0' = + 90°. 

Let {xy) and (x'y') be the extremities P and D of two 
conjugate diameters CP and CD (fig. 91), and and 0' the 
corresponding eccentric angles, then 

X = a cos 0, y = i sin 0, z' =^ a cos 0', y' = 5 sin 0', 

and therefore, by the preceding Article, we have 

cos cos <p! + sin sin 0' = 0, or cos {tp! ~ 0) = 0, 

which shews that 0' - = 90°. q. e. d.* 

This property of conjugate diameters, with reference to the 
eccentric angle, will be found of great use in all problems 
relating to conjugate diameters. 

300. Cor. Hence 

, / 7r\ . a 

X = a cos ( + - J = - « sm = - - y, 

and y' = i sin ( + - ) = i cos = - a?, 

which formulae determine the co-ordinates of D in terms of 
those of P. 

Prop. LXXXII. 

301. The sum of the squares of CP and CD, and the area 
of the parallelogram completed upon CP and CD, are invariable. 

Let CP ^TyCB^ r', PCA = 0, DOi = 9, (%• 91). Then 

r' = a;* + y* = a* cos' + ^ sin* 0, 

and, putting + - for 0, we change r into r ; therefore 

r** = a* sin' + J' cos' 0. 
Hence r* + r ' = a' + i' (1). 



* Hence the following simple construction for determining two conjugate 
diameters of an ellipse. 

On AA (fig. 92) as diameter describe a circle A'PD'A, from Cdraw any 
two lines CP', CU at right angles to each other, and draw the ordinates 
P'PMy BfDN'y then CP and JCD are conjugate diameters. 
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Again^ if A be the area of the parallelogram completed upon 
CP and CD J we have 

A = rr' sin (ff - 0) = rr' (sin ff cos - cos ff sin 6) 

= ay' - x'y 

= a J sin (0' - 0). 

"71* 

Hence, since 0' - ^ = - , we have 

^ = aJ (2). 

(1) shews that the sum of the squares of CP and CD is 
invariable, and (2) shews that the area of the parallelogram com- 
pleted upon CP and CD is invariable, q. e. d. 

302. Cor. 1 . Since the tangents at P and D are respectively- 
parallel to CD and CP, it follows that the area of every paral- 
lelogram circumscribing an ellipse, having its sides parallel to 
two conjugate diameters, is the same. 

303. CoR. 2. In the above expressions for 9^ and r'*, putting 
1 - cos' for sin* 0, we have 

r* = y + aV cos* ^ = *' + eV, 
r''= a* - aV cos* = «* - eV. 
Hence, since, by Art. 254, SP = a + ex, S'P = a - ex, we 
have SP . S'P = r'*, or 

S'P . aS'P = C2>*. 

Prop. LXXXIII. 

304. To find the equation of the ellipse referred to any two 
conjugate diameters, CP and CD, as axes of co-ordinates 
(fig. 93). 

Draw any chord QMQ parallel to DCD ; assume CM^x, 
MQ =y, CP = a, CD = b\ Then, by Art. 265, we have 

MP. MP ^ MQ . MQ 
CP .CP "" CD. CP ' 
But CP = CP = ay MP=^ a -X, MP ^ a ^ x, CD^CD^h, 

and MQ = MQ = y \ therefore 

d" - x^ ^ f_ 
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2 a 

or v?+ &=! (0. 

a 

which is the equation required.* 

Hence it appears that the equation of the ellipse referred to 
any two conjugate diameters is of exactly the same form as that 
referred to CA and CB, 

Prop. LXXXIV. 
305. The ellipse being referred to two conjugate diameters, 
to find the equation of the line touching it at any proposed 
point (Aft). 

Proceeding exactly as in the notes to Arts. 214 and 275, we 
may shew that the equation of the tangent required is 

hz ^ % _ . 



* This result may be obtained by transformation of co-ordinates in the 
following manner. 

If, in the equation li + ^ = 1 (which is referred to CA and CB\ we put 

ar cos + y cos 0' for x, and a: sin -f y sin 0' for y, it becomes 

(x cos + y cos 0')* (a; sin -I- y sin 0')* - .„. 
-^ + J. =i...(^); 

and this substitution amounts to turning the axes of co-ordinates round the 
origin, until the new axes of x and y make angles and 0' with the old axis 
ofx. (See Art 110.) 

Now, and 0' being disposable, we may assume that 

cos cos 0^ sin sin 0' ^ 
^5 + 53 1» 

(which amounts to supposing the new axes to be conjugate diameters) ; and 
then (2) becomes 

/co8*0 sin*0\ ^ /cos'0' sin« 0'\ » , 

But, by Art. 266, we have 

cos'0 sin'0 _ \_ cos* 0^ sin* 0' _ 1 

a* "^ ""^ " r* ' "IT ^ 'W ~ ?^ ' 

hence (3) becomes -; + ^= 1» 

which coincides with the equation in the text, observing that r = a' and 
r' = h'. 
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306. Cor. 1. Hence, as before, the portions cut off by the 
tangent from the conjugate axes are 



a -, 

T ^""^ T- 

307. Cor. 2. Hence, also, the equation of the line joining 
the points of contact of the two tangents, drawn from any point 
(hk), IS fix ky 

308. Cor. 3. Hence we may shew, exactly as in the case of 
the parabola (see Arts. 236, 237), that the line joining the points 
of contact of two tangents, drawn from any point of a line 
parallel to CZ>, always crosses CP at a given point. Also, that, 
if two tangents be drawn from any point of a diameter produced, 
the line joining the points of contact is an ordinate to that 
diameter. 



Variotis Problems connected with the Ellipse. 

309. An ellipse being traced upon paper, to determine its 
centre. 

Draw any two parallel chords PP, QQ' (fig. 94), bisect them 
in JHf and N, and draw Diy through -M'and N; then DI/ is 
a diameter, and therefore its middle point (C) is the centre 
required. 

310. An ellipse and its centre being given, to find its axes. 

With the given centre C (fig. 95) as centre, describe a circle 
cutting the ellipse in P and P, join PP, draw ACA' aad BOB' 
perpendicular and parallel to PP ; then A A' and BB are the 
axes required. 

311. To find the locus of the middle points of all chords 
passing through a given point (hk). 

If (xy) be the middle point of the chord which makes an 
angle with the axis of x, we have 

X cos y sin ^ ,,x 
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and if (:iy) be a point on the line drawn through Qik) making an 
angle 6 with the axis of a:, we have 

(a: - A) sin - (y - A) cos = (2). 

Eliminating between (1) and (2), we find 

If h\ If ky K- k^ 

•which is the equation of the locus required. It represents an 
ellipse whose centre is [ - , - J , having its axes parallel to those 

of the given ellipse, and equal to 

a Ifh' l^\ b l(V ^\ 



312. If = PSS', 6' = PS'S, to shew that 

, e ^ ff l-e 

tan — . tan — = . 

2 2 1 + e 

SM ae + X 



We have cos = 



SP a -\^ ex^ 



2 6 1 - COS a + ex - ae - X 



tan - = 



2 1 + COS d a -{■ ex -¥ ae + x 

_ a - X l-e 
a -V X 1 + ^ * 

ae ■" X 

Similarly cos & = , 

a - ex 

and .'. tan — = . 

2 a -X \ + e 

Hence tan - tan — = . 

2 2 1 -f e 
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SIS. If and 0' be the angles which two conjugate semi- 
diameters r and r' make with the axis major, to shew that 

sin (ff + 0) _ r^->/» 
sin (0' - 61) *" a^ - y • 

^jr , rr' sin (ff + 0) xy' -^ x'y , . ^ ^^^. 

^^ °^^^ ^ ' //v — s( = -^1 7^ (see Art. 300) 

rr sm (ff - fl) a:y' - x'y ^ 

_ g^ (cos sin ^ + cos 0' sin 0) 
aJ (cos sin 0' - cos 0' sin 0) 

'^ - sin (0' + 0) 

sin (0' - 0) 

= COS 20, since 0' = + - . 

Also r* = a* cos* + J'^ sin* 0, r'* = a* sin* + 5* cos* ; 
therefore r^ - r"^ ^ (a« - J') cos 20. 

Hence ^^» (^ -^ <^) -^-^^ 

sin (O" - 0) " ^^"^y ■ 

314. The circle described on S'P as diameter touches the 
circle described on AA as diameter. 

Let {hk) be P ; then the equation of the circle described on 
8'P as diameter, is 

or :r* - (A + ae) a; + y* - % + aeA = (1). 

Also the equation of the circle described on A A as diameter 
is a:* + y*=a* (2). 

At the points of intersection of (1) and (2) we have, subtract- 
ing (1) from (2), {h^ae)x^ky^a^-^aeh (3), 

which is therefore the equation of the line drawn through the 
points of intersection. 

Now, if jo be the perpendicular from C upon (3), we have 

,__ (g* + aeKf _ g* {SP) , 
^ "{h+aef^k' " {SPf "''• 
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Hence (3) is a tangent of (2), which cannot be unless the 
points of intersection of (1) and (2) coincide. Therefore (1) and 
(2) touch each other. 

315. If S'P = r, PS' A = 0; to find r and in terms of the 
eccentric angle (0) of the point P. 

If X be the abscissa of P, we have 

r = a - ex = a(l - e cos 0) (1), 

/> X - ae cos (b - e , ,^^ 
cos f) = = ■^ (2\ 

r 1 - 6 cos 

which are the values of r and required. These values are of 
considerable use in Astronomy; (2) being generally expressed 
in the form Q IC^ +^^ 



tan - = . /( j tan ^ . 



316. If PQR (fig. 96) be drawn so that PQ = h, PR = a, 
and if the rectangle CU\>e completed ; then P?7 is the normal 
at P. 

For, ^ being the angle which PU makes with C-4, we have 

^ , PM+ QU 

tan Uf — — : 

which, if PQA = 0, becomes, since PQ = b, PR = a, 

- h sin + (a - J) sin <h a ^ 

tan u/ = — 7 7^ = -=■ tan <b, 

a cos - (a - 6) cos b 

Now, if \(J be the angle which the normal at P makes with 
(LI, we have ^2 ^ 

tanxL = zrr- = T ^^n 0. 
^ b^x b 

Hence \p' = \/». q. e. d. 

317. If the axes of an ellipse be in the proportion of 1 : V2, 
any parabola described on the axis minor as axis, and having its 
vertex at the centre, will cut the ellipse at right angles. 

Let the equations of the ellipse and parabola be 

x^ y^ 

- + |-, = 1, y' = 4mx, 

a b 
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and let and be the angles which tangents, drawn to the two 

curves at their point of intersection, make with the axis of x. 

Then we have 

^ b^x 2m 

tan u ^ T- , tan 6 = — , 

ay ^ y 

and .*. tan ^ tan = ^-r- 

^ ay 

= 5 , since y = 4ma:. 

Hence, if 6 : a :: V2 : 1, we have 

tan d tan = - 1, 
and therefore the two tangents are at right angles, or, in other 
words, the curves cut each other at right angles. 

318. To find the locus of the middle point of a chord of the 
curve Aa? + By* = C, the length of the chord being given. 

Proceeding just as in Art. 262, we find 

r'(^cos'e+5sin*e) + 2(^Acos0 + -BAsine)r + ^AVJBA'-C7=O; 
and, if we suppose Qik) to be the middle point of the chord 2r, 

we have JIA cos + 5A sin fl = (1), 

and therefore 

r'iA cos' + JB sin' fl) + Ah^ + ^A? - (7= 0. . . .(2). 

Ah 
(1) gives tan = - -^ , and then (2) becomes 

Now if we suppose r to be invariable (equal to c suppose), 
and if we put x and y in place of h and ky this equation becomes 

(Aa^ ^Bt^-C) (^V + JS'y' - (?AB) = <?ABC...(Z\ 
which is the equation required. 

319. If we suppose (7=0, A ^ - c? and .8=1, the given 
equation becomes (y - ax) (y + ax) = 0, and (3) becomes 

(f - aV) (a V + y' - aV) = 0. 

•Hence if lines of a given length (2c) be drawn between two 
lines (y = ax) and (y = - ax), the locus of their middle points is 

y' - aV = and aV + y' « a'c , 



ISO FLANE COORDINATE GEOMETRY. 

the former equation representing the two lines themselves, and 
the latter an ellipse whose axes are - and ac. The former 

a 

equation represents the locus of the middle points of those 
chords which have both their extremities on one of the lines ; 
and the latter of those which have one extremity on one line 
and the other on the other. 

320. CX (fig. 97) is a fixed line, C a fixed point upon it, 
CQ, QR two equal lines of a constant length, and P a fixed point 
on QR : to find the locus of P* 

Let CM(= x\ MP (= y) be the co-ordinates of P, let 
QCR =0, CQ+ QP = a, and PR = b; then we have 
X = CQ cos + QP cos = a cos 0, and y = J sin 0. 

X^ V* 

Hence _ + ^ «= i. 

The locus required is therefore an ellipse, whose a^es are 
CQ + QP and PR. 

Elliptic compasses might be made upon the j^rinciple sug- 
gested by this problem. 



CHAPTER X. 



.2 A« ** 



OP THE HYPERBOLA. PROPERTIES OP THE HTPERBOLA CORBESPOND- 
ING TO THOSE OP THE ELLIPSE. ASYMPTOTES. PROBLEMS. 

321. The equation of the hyperbola referred to its centre 
(<7) as origin is, by Chap, vi., 

2a being the possible axis (-4-4'). b does not now represent the 
portion the curve cilts off from the axis of y, since that axis does 
not meet the curve. 

The polar equation referred to the focus (/S) is 

9^ CS t . 

\ - e cos 

I being the semi-latus-rectum, and e the eccentricity. 
We have also, by Art. 176, 

SC^ - a^, EC^-^, y = a\^ - 1), 7 = - a(l - e^) = ~ . 

e a 

The curve is perfectly symmetrical with respect to the co- 
ordinate axes, so that there is another focus S' and another 
directrix E'K' (fig. 59) corresponding to S and EK, 

We shall now, by means of these equations and formulae, 
investigate the various remarkable properties of the hyperbola, 
many of which correspond so exactly to those of the ellipse, that 
it will be sufficient merely to state them, and refer to what has 
been already done in the case of the ellipse in proof of them. 

k2 
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Properties of the Hyperbola not connected with Tangents or 

Diameters. 

Prop. LXXXV. 

322. To find the distances of any point of a hyperbola from 
the two foci. 

Let {xy) be any point (P) of the hyperbola ; then^ since ae 
and are the co-ordinates of S^ we have 

SP'^ix- ae)^ + y» ; 
which, since y* = j' ( — - I j = (^ - I) (a^ - a^), becomes 

/SP* = ^x^ - 2aex + d^ =^{a - exf, 

therefore SP = ±(a - ex) ; 

SP here means the absolute distance of P from S; hence, since 
e is > 1, and x > a, and therefore (a - ex) a negative quantity, 
we must reject the upper sign. We have therefore 

SP ^ex-^a (1). 

In like manner we find, since - ae and are the co-ordinates 

"^^^y S'P' = {x + aeJ-^y\ 

= ^a? + 2aex + a', 

and therefore S'P - ex + a (2) ; * 

(1) and (2) are the expressions for the required distances. 

323. Cor. By subtracting (1) from (2) we find immediately 

SP -^SPr= 2a. 

* (1) and (2) may be deduced geometrically, as follows. 
In fig. 98, drawing QPQ parallel to AA', we have 

8P=^eQP = e(CM-CE) 

a 
- ex - a, since CE = -. 

e 

Also SP = eQP = e{:E'C+CM) 

= ex ■{■ a. 
"We may also prove geometrically, that S'P- i&Ps2a, as follows, 
SP -SP = e (QfP -'QP)-=e (E'C^- EC) = 2a. 
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Hence, in the hyperbola, the difference of the distances of 
any point from S and S' is always equal to the axis major* 

We may obtain the values of SP and 8'P very easily from 
Art. 204, as in the case of the ellipse. See Art. 258. 

Prop. LXXXVI. 
324. If PSP be any chord drawn through S, the semi-latus- 
rectum is a harmonic mean between SP and SP , 
This may be proved exactly as in Art. 207. 

Prop. LXXXVII. 
326. Two given lines being drawn through the vertex A^ 
to find the equation of the line joining the other two points in 
which they intersect the hyperbola. 

Let the equations of the two lines be 

y = a (:c - a), y = a {x - a). 
Then, as in Art. 260, the equation required is 

-j (a: + a) - (a + a') y + aa (a; - a ) = 0. 

We may deduce from this equation the same conclusion as 
in Art. 260. 

Prop. LXXXVIII. 
326. To determine the length (r) of a line drawn, at an 
angle to the axis of a;, from any point (JiK) to the hyperbola. 
As in Art. 262, we find 

CT'r' + 2 Tr + Tr= (I), 

, -rr COS* 6 sin' TT f^ COS Aj sin 
where U ^ -^ ^ , V^—, ^, 

Tr= *' - ^ - 1 
a 



* Conversely. To find the locus of a point P (fig. 99), the difference of 
whose distances from two fixed points S and 8' is invariable. 

Proceeding as in the Note to Art. 255, we have r'-r=2af and therefore 

r^ = r* + 4a* + 4ar, 
also r^ = r* + 4c" + 4cr cos 0, (PSA = 6), 
and therefore, putting c=^ae, we find 



I - e cos ^ ' 



which, since c is evidently > a, and therefore e>l, represents a hyperbola. 



72 IT- =<> W- 
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Also PQ + PQ' = -2 ~ (2), 

PQ.PQ= ^ (3). 

Also the condition that (hk) shall be the middle point of the 
chords which makes an angle with the axis of x, is 

h cos ^ sin 
a" y 

Prop. LXXXTX. 

327. If QQ\ RR be two chords of a hyperbola, and P their 
point of intersection, the ratio PQ, PQ : PR. PR is not 
altered by moving each chord parallel to itself, and so shifting 
the position of P in any manner. 

The proof of this is exactly the same as in the case of the 

ellipse. See Art. 266. 

Prop. XC. 

328. If QQ', RR, a a be chords of the hyperbola 

— -^= 1 ], and -BjiZj a chord of the hyperbola (--5 + ^=1 )>* 

Qfi^y R^R^ being respectively parallel to QQ', RRl , P being 
the point of intersection of QQ', RRl^ and P^^ that of QjO^, 

^1^2= then pQpQ ^ ^ PQ ^ pQ^ 

PR . PR' P^R^ . P^R^ ' 

For, as in Art. 265, we have 

PQ .PQ y cos' » - g' sin' » 
PR PR "■ ycos'e-«»sin'«^ 
and, in exactly the same way, we find 

P^Q^ . P^Q^ _ - y cos' (fi+c^ sin' ^ 
P^R^ . P^R^ " b' cos" e - a' sin' e * 
„ PQ . PQ ' P,Q,.P,Q, 

PR . PR! P,R, . P^R^ 
The latter hyperbola here considered is generally called the 
Conjugate of the former hyperbola, for a reason we shall pre- 
sently explain. By Art. 180, the conjugate hyperbola ^2& the 
axis of y for its possible axis, as is represented in fig. 100, where 
5j, B^ are the vertices of the conjugate hyperbola, and B^R^ — 2 J. 

• See Art. 180, Equation 3. 
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Prop. XCI. 
329. To find the equation of the hyperbola referred to the 
centre as pole. 

As in Art. 266, we find the required equation to be 

ab 



r = 



V(ycos'e-a'sin'e)' 



Of the Eccentric Angh in the Hyperbola. (See Art. 263.) 

Prop. XCII. 
330. The co-ordinates x and y of any point of a hyperbola 
may be put in the form 

X =^ a cos 0, y - i V^- 1) sin 0. 



X 



As in the case of the elUpse, we may assume - = cos ; only. 



a 
in the present case, is an imaginary quantity, since x is always 

greater than a*. Making this assumption we find, from the equa- 
tion of the hyperbola, 

- I5 = 1 5 = sin' 0, and therefore y = J V(- 1) sin 0. 

Hence, if we assume x = a cos 0, we find y - J VC- I) ^iu 0. 

Q. E. D. 

331. Or, we may proceed somewhat differently, thus, 

X 'U 

Let ^ be the logarithm of - + ^ , which gives 

I + |'C''' (i); 

a 

* We must regard cos <i> here as an abbreviation for the expression 
1 {g^A-i)^g-0A-i)j Indeed we ought to consider the general definitions of 
the functions sin <l> and cos <^ to be 

from which definitions a]l t^e prppertie^ of sines ^nd co<^ii?ie9 i^^y be yery 
readily deduced ; as, for instance, the properties 

sin* <p + cos" </> = !, sin {<P + </>') = sin <^ cos 0' + cos </> sin <p\ 
It is easy to see from these definitions that, when <f> is real, cos <l> and 
sin <p are real, and both less than unity : but, when <f> is imaginary, cos <t» is 
real, sin 4> is imaginary, and cos <l> is greater than unity. 
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and then, since, by the equation of the hyperbola, 

M=^-^ (2)^ 

(l) + (2), and(l)-(2)give 

z = la(e^ + e'^) (3), y =-lb (e^ - e'^l") (4). 

To express these formulae more concisely, let us put ^ V(- 1) 
for \p, and then, by the exponential values of sin ^ and cos 0, we 

have a: = a cos (5), y = * V(- 1) sin (6). 

Of course we are as much at liberty to use the expressions 
(5) and (6) in place of (3) and (4), as we are to employ the 
common exponential formulae for the sine and cosine of an angle. 



Properties of the Hyperbola connected toith Tangents. 

Prop. XCIII. 

332. To find the angle which the tangent at any point (hk) 
of a hyperbola makes with the axis of x. 

As in Art. 274, we find 

tan0=-^, 
ak 

which determines the angle required.* 

Hence the equation of the tangent at (hk) is 

hx ky 

Hence we have CT^^, CT ^-^. 

h k 

333. CoR. Hence if {fix + /3y = 7) be the equation of a tan- 
gent to the hyperbola, we have the condition 

7' = aV - J?^\ 

* The Notes to Arts. 275, 277 apply equally well to the case of the 
hyperbola, putting - 6* for 6*. 



^'W. ' ■>• ■ immmt -^^■■■^^■■■■^(■■■^^^•••■'W^MOTViaiP'V^'IOV'VW^ 
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Prop. XCIV. 

334. To find the normal at any point (hk) of the hyperbola, 
and the portions it cuts off from the axes. 

As in Art. 279, we find the equation required to be 

a^k (x- A) ■{- h% {y -'k)= 0, 

or -. a; + _ y = ejj'* + y. 

2 Z2 

Hence CO = — r — h = e^hy 

or 

335. CoR. Hence the normal at P makes equal angles with 
SP and S'P. 

For /S'G= (76?- C»=e%-ae = «.«P,by Art. 321; 
and S'G == CG + CS = e^h + ae ^ e . S'P; 
therefore SG:S'G==SP: S'P ; 

which shews that the angle SPS' is bisected by PG, and there- 
fore that the normal makes equal angles with SP and S'P. 

336» CoR. Hence the tangent at P bisects the angle SPS'. 
This result may be proved geometrically from the property, 
S'P - SP = 2a, as in the case of the parabola. See Note to 
Art. 217. 

Prop. XCV. 

337. To find the locus of the intersection of a tangent of a 
hyperbola with a perpendicular let fall upon it from either focus. 

As in Art. 282, we may shew that the locus required is the 
<^ircle x' + f^ al* 

338. CoR. Hence we may derive a geometrical method of 
drawing a tangent from any given point to a hyperbola exactly 
the same as that explained in Art. 283. 

• This may be shewn geometrically as follows. (See Note, Art. 283.) 
Let /8'J'(fig. 101) be the perpendicular from S upon the tangent (YP); 
produce SY to meet S'P in Q. Then we have QPY= SPY, and therefore 
PQ^PS, which gives S'Q = S'P -SP^2a: and since SC= S'C, SY= QF, 
we have CY= iS'Q = a. Hence, &c. &c. 
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Prop. XCVI. 

889. To determine analytically the tangents of a hyperbola 
which pass through any given point. 

As in Art. 284, we may determine the required tangents from 
the equation 2M -*»-*» 

840. Cor. Hence the locus of the point of intersection (M) 
of two tangents at right angles to each other is represented by 

which is a circle ; unless V be greater than a*, in which case the 
locus is impossible ; «. e. two tangents cannot be drawn at right 
angles to each other when b^ is greater than a'. 

Prop. XCVII. 

341. If/? and p be the perpendiculars from S and aS" upon 
any tangent, to shew that pp = i*. 

As in Art. 286, we have 

7* - c? (a' + y) 2 22 1202 

and therefore pp = - i' ; 

the sign oipp is negative because the two perpendiculars lie on 
opposite sides of the tangent. We shall suppose, however, that 
p and p' represent the absolute lengths of the perpendiculars 
without regard to sign, and then we have pp' = &'. 

342. Cor. As in Art. 287, we have ~ = - ; and, multiplying 

p T 

this byjo|p' = J', we find 

»» = &'!! =i» -I 

r r + 2a 

343. Arts. 288-291 hold with so littie variation in the case 
of the hyperbola, that it is unnecessary to repeat them here. 

Properties of the Hyperbola connected toith Diameters. 

Prop. XCVIII. 
344^ To determine the diameter of a given system of 
parallel chords in a hyperbola. 
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As in Art. 29 2> the equation of the diameter is 

X cos V sin fl ^ .,. 

-^- V- = ' ('> 

Art. 293 is equally true for the hyperbola; and the same 
may be said of Art. 294. 

As in Art. 295, we may shew that 

tan 0. tan 0'= --„ (2). 

a 

Hence if be < 90^ O' is also < 90°; i.e. the diameter and 
its chord make an acute angle with each other. 

Art. 296 is equally true in the case of the hyperbola, and 
conjugate diameters are defined exactly as in the case of the 
ellipse. 

845. As in Art. 298, if {zy) and (x'y') be any points on two 
conjugate diameters respectively, we have 

Prop. XCIX. 

846. A diameter and its conjugate cannot both meet the 
hyperbola. 

If possible let them meet the hyperbola in the points (xy) 
and {x'y') ; then from (3) we have 

i^i^ _y' f 



.3 ^a y js 



= (l-0(S-' 

since {xy) and (a?y) are points on the hyperbola : 
therefore a;* + a?" = a* ; 

which is impossible, since a^ and x'^ are always each greater 
than a*. Hence only one of two conjugate diameters meets the 
hyperbola. 

847. It is easy to see that if a diameter do not meet the hy- 
perbola itself, it will meet the conjugate hyperbola. 

848. When a diameter does not meet the hyperbola, we 
shall define the extremities of that diameter to be the points 
where it meets the conjugate hyperbola. 
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349. Cor. Hence, if (xy) be an extremity (P) of a diameter 
which meets the hyperbola, and if Qt'y') be an extremity (D) of 
its conjugate diameter, which, as we have shewn, meets the con- 
jugate hyperbola, but not the hyperbola itself; we have 

/ / 

and, by Art. 344, i--?^=o (3). 

ah 

Prop. C. 

360^ To determine the relation between the eccentric angles 
belonging to the extremities P and D of two conjugate diameters 
of a hyperbola. 

If in Art. 348 we assume x- a cos ^^ ff - h cos 0'*, (1) and 
(2) give y-h V(- 1) sin ^, ir' = a V(- 1) sin ^\ which values put 

"1 (3), give giji cos ^' - cos sin 0' = 0, or sin (0 - 0') = ^ > 
hence 0' = ; which is the required relation.f 

351. Cor. Hence a;' = a V(- 1) sin = - y, 

y = 6 cos = - a:, 

a 

which formulae determine the co-ordinates of D in terms of 

those of P. 

Prop. CI. 

352. The difference of the squares of CP and CD, and the 
rectangle completed upon CP and CD, are invariable. 



* We aasume y' = 6 cos 0', and not a/ = a cos </>', because the y* in (2) 
corresponds to the :r in (1), since the axis of y is the possible axis of the 
conjugate hyperbola. 

t This may be shewn, without introducing imaginary quantities, as 

follows. 

Assume 2a; = a (e^ + c"*^), and .*. 2y = ft {e"^ - e'^), 
also 2y t= 6 (e^' + g'^'), and .-. 2a:' = o (e^' - c'^') ; 

then, substituting these values in (3), Art. 348, we have 

or 6^"'/^' = «^'-^, 
which gives yfr - \}/' = \J/' -^ \J/^ or i/'' = ^. 
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Let CP ^r,CD^ r\ PCX = 0, DCX = 9, (fig. 100); then 
r* = a:* + y2 = a^ cos^ ^ - J' sin' 0, 
r" = a:'* + y''= - a'sin*^ + J' cosVi^; 

therefore r^ - r^ - a^ - V (1). 

Again, if -4 be the area of the parallelogram completed upon 
CP and CDy we have 

-4 = rr' sin (6' - 6) = rr' (sin O' cos - cos d' sin 9) 

= xy' - x'y 
= aJ (cos* + sin' 0). 

Hence A - ab (2). 

(1) shews that the difference of the squares of CP and CD, 
and (2) that the area of the parallelogram completed upon CP 
and CD, are invariable. 

r 

353. Cob. As in the case of the ellipse, we hare 

854. Cor. Also SP . S'P = CP^. 

Prop. CIL 

355. To find lihe equation of the hyperbola referred to two 
conjugate diameters, CP and CD, as co-ordinate axes (fig. 102). 

Draw any chord QMQ parallel to DCD; assume CM'' x, 
MQ, = y,CP = d, CD = *', Then, by Art. 827, we have 

MP . MP" CP . CP' 
MQ . MQ ~ CD . CD' ' 

But CP = a',MP=x- o', MP = x + <i,CD = V, MQ = y, 
CP = - CP, CD = - CD, and MQ = -MQ; therefore 

«'-«" y" 



n> 



I y' -1 

a o 
which is the equation required.* 



• As in the case of the ellipse, by transforming the axes, we may prove 
that the equation of the hyperbola referred to two conjugate axes is 

/cos«0 sin«0\ . /cos'e' sin* e'\ ^ ^ 
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Hence it appears that the equation of the hyperbola referred 
to any two conjugate diameters is of exactly the same form as 
that referred to CA and CB. 

856. Arts. 305-308 are true in the case of the hyperbola, if 
we put - V for i*. 



Properties of the Hyperbola connected toith Asymptotes, 

Prop. CIII. 

357. To determine the asymptotes of a hyperbola. 

A tangent is said to become an asymptote when the distance 
of the point of contact from the origin becomes infinite, provided 
at the same time, the tangent itself remains at a finite distance 
from the origin. 

If r cos Q and r sin 9 be the co-ordinates of the point of 
contact, we have, by the equation of the tangent (Art. 331), and 
by the equation of the hyperbola, 

X cos 9 y sin 6 _ 1 . ^ 

~~? ¥~ " r ^ ^^ 

cos'e . sii^'*? „ 1 

"IT y ~ r* 

(2) shews that, when r becomes infinite, 

cos sin B 

a o 

and hence, when r becomes infinite, the equation (1) gives us 

- ± 1 = (3). 

a 

It appears therefore that, when the point of contact moves to 
an infinite distance from the origin, the equation of the tangent 
assumes the form (3), which represents two right lines at a 



(2), 



, . , . cos* » sin* 9 1 , cos* 6* sin' 

which, since -^ jr = ^' '^d--^ + -p 

becomes -= - ?= «= 1. 



y 1 
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finite distance from the origin. Hence the hyperbola has two 
asymptotes represented by the equations 

f + y.o. ?-| = o. 

a a 

368. Cob. 1. If we draw HAH' (fig. 10J5) through A at 
right angles to AA', and take AH= AH' = b, it is evident that 
the equations of the lines CH, CH' are 

f _ I , 0, ? + I = 0. 
a a 

Hence these lines are the two asymptotes of the hyperbola. 
Cor. 2. When a = 6 the asymptotes are right angles to each 
other. In this case the hyperbola is said to be equilateral. 

Prop. CIV. 
359. The ellipse and the parabola have no asymptotes. 
The equation to the ellipse gives 

cos'e sin^e ^ j_ 
a' '^ b' " f^' 
and therefore r can never become infinite, since we should then 

have tan' = - — . 

a^ 

Proceeding in the case of the parabola as above, we have 

y sin = 27» f - + cos j (1), 

• 2/1 4m cos 
sm'd=— ^— (2). 

If r become infinite, (2) gives sin = 0, and then (1) becomes 
fis 2m^ which is absurd; i,e. (1) cannot be satisfied by any 
finite values of z and y when r = oo. 

Hence, neither the ellipse nor the parabola have asymptotes. 

Prop. CV. 

860. To find the length of a line (r) drawn, at an angle to 
the axis of x, from any point (hk) to either of the asymptotes. 

The equation of the two asymptotes considered as one locus 



is 
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Hence, proceeding exactly as in Art. 262, we find 

CTr* + 2 Fr + W=0 (2), 

, ^^ _ COS* sin* 9 A COS A; sin 
When t/-— 5 ^, ^=-7 y— , 

a* **' 
which equation determines the required length, giving of course 
two values of it. 

361. CoR. 1. Hence the condition that (hk) may be the 
middle point of a line intercepted between the two asymptotes^ 
making an angle with the axis of x, is 

h cos k sin ^ 

-^ - -i^ = « («)• 

Now this is also the condition (see Art. 325) that (Jik) may be 
the middle point of a chord of the hyperbola making the same 
angle with the axis of x. Hence, if RQPQ'B (fig. 105) be 
any line meeting the two asymptotes at JR, It', and the hyperbola 
at Q, Qy and if P be the middle point of QQ i P will also be 
the middle point of RR\ 

362. CoR. 2. Hence RQ is always equal to R'Qy whatever 
line RQQ'R' may be. 

363. Cor. 3. (3) gives, tan = -^; hence, by Art. 331, if 

(hk) be a point on the hyperbola, the portion of the tangent at 
(hk) which is intercepted between the asymptotes is bisected 
at (hk). This may be easily shewn firom Cor. 2, by supposing 
RQPQRf to move parallel to itself, tiU Q and Q (and therefore 
P) coincide. 

Prop. CVI. 

364. To find the equation of the hyperbola referred to its 
asymptotes as co-ordinate axes. 

Let tan a = - , then the two asymptotes make angles a and 

-a with the axis of x. Hence, by Art. 110, if we put 
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{x + y) cos a for a:,* and {- x ^ y) sin a for y, in the equation 
of the hyperbola, viz. 

we obtain the required equation. Now, if we assume m^=a\b , 

we have cos a = — , sin a = — ; hence, making the substitu- 

tn in 



tions 


in 


(1), 


it becomes 






• 








(x + 


yy-c* 


-yy 


= «»', 


or 








ay = 


«»' 






4 •■ 





(2). 

which is therefore the equation of the hyperbola referred to its 
asymptotes as co-ordinate axes. 

Prop. CVII. 
866. To find the equation of the tangent at any point when 
the asymptotes are the co-ordinate axes. 

Proceeding as in the note to Art. 275, we have 

y-*=^(^-A) (3). 

and AA = — , AT = — , by (2), last Art., 

4 4 

and therefore 

Hence (3) becomes y - k = j-jp (x - h); 

and therefore, reasoning as in the note referred to, the equation of 
the tangent at (AA) is ^2 

k 
= - y (:r - h) since iri^ =■ Ahk, 

or --. + ^ - 1 

2A 2k ' 

which is the equation required. 



• This is easily seen from fig. lOi, where Cff", CH' are the asymptotes, 
P any point of the hyperbola, CM' (= ar'), MT ( = y*) the co-ordinates of F 
referred to CH", CH', and CJIf (=«), JlfP (=y) the old co-ordinates. 



I. 
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866. Cor. 1. Hence the portions, CT, CT (fig. 106), which 
the tangent cuts oif from the axes, are 2A and 2k ; which evi- 
dently shews that TT' is bisected at the point of contact P. 

367. CoR. 2. Hence the ai-ea of the triangle CTT is inva- 
riable ; for it is equal to | CT.CT' sin TCT', which = 2hk sin 2a 

Ahkab ( . . b (^\ r f ' n ^^^ 

= — 3— since sm a = - , cos a = — = oo smce AA; = — 
mr \ m m) \ 4 

Prop. CVIII. 

368. The product of the two perpendiculars let fall from 
any point of the hyperbola upon the asymptotes is invariable. 

The equations of the asymptotes being 

a a o 

the perpendiculars upon them from any point (hk) are 

\ (h k\ . , I fh k\ , „ 1 1 

c \a hi c\a h or Ir 



and therefore pp' = - f ~ - ~ j 



- , if (hk) be a point on the hyperbola. 

if 



Hence pp = -r — -= . q. e. d. 

a + 



Various Problems respecting the Hyperbola. 
869. A line AB (fig. 107) is drawn meeting the axes of 
co-ordinates OX, OY (which are supposed to be oblique) at A 
and B ; it A OB be always a given area, to find the locus of the 
middle point (P) of AB. 

If Xy y be the co-ordinates of P, we have 
OA = 2x, OB = 2y, and .*. area AOB = Axy sin w, 
where w = z XOY. Hence, we have 



c' 



^= T— = , 

4 sm w 

where c' is the given area. 

■^he locus required is therefore a hyperbola whose asymptotes 
are OX, OY. 
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370. To find the foci of the rectangular hyperbola, xy «= m', 
from the definition given in Art. 205. 

Let (hk) be either focus, then we have 

{x - hj + (y - ky = {Ax + By^ C)\ 

and this equation must be identical with the equation osy = m* ; 
we have therefore 

^' = 1, ^5^=1, h^AC, k^BC, l^-^Te-^C^^2ABm\ 
From which it is easy to see that 

h=^m'^2y A = mV2; orA = -mV2, i=-mV2. 

371. OXy OY (fig. 107) are two given right lines, and C a 
given point ; to find the locus of the middle point P of the right 
line ABy which always passes through C. 

Let the co-ordinates of C7 be A and A, and those of P, x and y ; 
then OA = 2x, OB = 2y, and therefore, by Art. 57, we have 

h k 
— + — = 1, 
2x 2y 

or 2xy - hy - kx = 0, 
This equation may be put in the form 

. 2; \^ 2) 2 ' 

which, transferring the origin to the point f J , becomes 

hk 
xy^ -. 

If, therefore, we join and (7, and bisect OC in M, the 
locus required is a hyperbola, whose centre is M, and whose 
asymptotes are parallel to OX and Y. 

372. The base of a triangle and the difierence of the base 
angles are given, to find the locus of the vertex. »• 

Take the base as axis of x, and its middle point as origin, 
and let the equations of the sides be 

y = m(x-a) (1), y =m(x -^^ a) •..•(2). 

Let /3 be the given difference of the base angles, then we have 

, . ;• , . =tan^ (3); 

1 + (- m) m 

l2 
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and, if we eliminate m and m' from these three equations, the 
result will be the equation of the locus required. Hence, sub- 
stituting the values of m and m', given by (1) and (2), in (3), 
we find the equation of the locus to be 



x-^a x + a \ a?-d*^ 

or a:* + 2 cot /3 . ay - y^ = a'. 

Now, when the axes are turned through an angle 0, let this 
equation become ^^ + Cy' = a* (4) ; 

then (see Art. 190) we have 

^cos'0 + Csin*(?= 1, 
(A - C) cos sin 6 = cot j3, 
^sin»fl + (7cos'0 = - 1; 

and from these equations we find 

-4 + C= 0, (A-C) cos 20 = 2, tan 20 = cot )3. 

Hence 20= --/3, ^ = — L , C7=- ^ 



2 ^' sin0' 8in/3' 

and therefore (4) becomes 

z^ " y^ =^ a' sin /3. 
Hence the locus required is an equilateral hyperbola whose 

TT B 

possible axis makes an angle with the base of the 

triangle. 

373. This problem may be solved more readily as follows. 

Let the axis of y be inclined at an angle w to the base, the 
axis of X coinciding with it as before, and let 0, be the angles 
which the sides make with the axis of x. Then the equations 
of the sides are 

sin , \ /,N sin , ^ ,^^ 

y == ;^w^ S^ (-^ " «)-0)> y = 'f .. (^ + «)..-(2); 

sm \bt — u) sm (w ~ 9^ 

and we have (tt - 0) - = j3. 

Hence, if we assume the arbitrary angle w to be equal to 
w -^ j3, and therefore = w - 0, (2) becomes 

sin (fti - 0) . . .. 

y= — ^-^ (^ + «) (3), 

sm 
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and (3) x (1) gives x* - y* = a\ 

Hence the locus is an hyperbola^ and the axes of co-ordinates 

are a pair of conjugate diameters. 

374. All the ellipses that may be described on the asymp- 
totes of a given hyperbola as conjugate axes^ and touching the 
hyperbola, have the same area. 

Let the equation of the hyperbola, the asymptotes being 
co-ordinate axes, be xy = w*, 

and the equation of the ellipse 

Supposing X and y to have the sam6 values in these two 

equations, we have ^« ^g^ -,2 

Z Is: + iL = • 

a" m' ft" ' 

and, if the ellipse touch the hyperbola, this latter equation 
ought to give two equal values of ^ . Therefore we find 

X 

1 1 



or a'b' - 2m^ 

Now, if -4 be the area of the ellipse, we have *A = wab, and 

therefore, since ab = a'V sin «, 

A = ira'b' sin w = 2m^ sin w, 
w being the angle of ordination. Hence A is invariable. 

375. To find the locus of the point of intersection of two 
tangents of a hyperbola which are parallel to two conjugate 
diameters. 

If tan'^o be the angle which a tangent, drawn from the point 
(xy) to the hyperbola, makes with the axis of x, we have, by 
Art. 338, ^ 2xy v' + J' ^ 

X " cr XT " a* 
Let a and a be the two values of a given by this equation, then 

, y' + ft' 

* That A = frab, will be proved in Art. 391 . 



150 PLANE CO-OHDINATE GEOMETRY. 

But if the two corresponding tangents be parallel to a pair 
of conjugate diameters, we have 

aa = — , . 
a' 

Hence ^ r = -r , 

X - a a 

which is the equation of a hyperbola, whose axes are aV2 
and JV2. 

CoR. The corresponding locus in the case of an ellipse is 

2a* ^ 26» 

376. If two tangents be drawn from any point (Q) of either 
of the asymptotes of a hyperbola, to shew that the tangent of the 
angle they make with each other is 

ab 

r being the distance of Q from the centre. 



"H 



CHAPTER XI. 



MISCELLANEOUS PROPOSITIONS. 

Prop. CIX. 

377. To obtain the relations between the co-ordinates of the 
extremities of two conjugate diameters in an ellipse or hyperbola 
without using the eccentric angle. 

Let (xy) be P, and {x'y') D; then, as in Art. 298, we have 

— + ^ =0 (1). 

a 

X XI 

Let us assume that — = u y > ^ being some unknown quan- 

a o 

t/' X 

tity, then (1) gives ^ = - w - . Now, by the equation of the 

ellipse, we have /x'V fy'V _ 

/. wM ^ + 2 I = 1, and .*. w' = 1, or w = ± 1. 
Hence we lave 



a o a 

which are the relations required. 

The double signs refer to the two extremities of each diame- 
ter : it is usual to suppose P and D to be the extremities to 
which the upper signs belong : on this supposition we have 

- + I =0....(2), - - ^=0....(3). 

ah a 
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In the case of the hyperbola we have 

xod yy' 

Assume — » m ^ > and .*. 4- - u -; then, since (z'y') is a point 

a a ^ if y r 

of the conjugate hyperbola, we have 



.-. ^M - i! + -! ) = 1 ; 



.2 1 JT ^ 



which, since (xy) is a point on the hyperbola itself, gives u* = 1, 
and /. w ■= ± 1, as before. Hence we have 

«' y ^ ^ y' ^ 

a 6 ♦ a b 
or, omitting £he upper signs, 

- - 1 = 0.. ..(4), - ~ ^ =0.,..(5). 
a o a 

Prop. CX. 

378. From the preceding results to deduce the properties of 
conjugate diameters* 

From (2) and (3), we have 

X +y =a 73 + ^-j 

6 a' 



"■('-?)-'('-s). 



or 01^ + 01^^0^ + b\ 

Again, from (2) and (3), we have 

, , Jaf* ay' 
/. xy - a;'y = ab. 



\ 



\ 
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Tn this result, putting r cos 0, r sin 6 for x, y ; and r cos 6', 
r' sin ff for ar', y' ; we have 

rr' sin {0' - 0) = aJ, 
«. e. the area of the p^allelogram completed upon CP and CD 
is invariable. 

In the case of the hyperbola we may shew, in exactly the 
same way, that 



-•(?-)^K^')' 



or CP'-df^d" h\ 
Again xy -xy^ — 1- 



= «*It« - ^)> 



:, xy - aiy = ab ; 
and hence rr' sin (tf* - fl) = oJ. 



Prop. CXI. 

379. A conic section being referred to any axes of co-ordi- 
nates originating at the centre ; to determine the radius of the 
circle, having its centre at the origin, which touches the conic 
section. 

The general equation of a conic section, referred to the 

centre as origin, is 

A:t''i- 2Bxy + (y^ 1 (1). 

Let the equation of the circle, whose radius we wish to deter- 
mine, be s^ + y^^f^ (2) 

(1) - p (2) gives 

^^-i):r' + 2J8:iy + ^(7-iy=0 (3). 

In general this equation gives two different values of - ; but 

X 

these values will become equal when the circle touches the 



/ 
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conic section, therefore the first member of the equation will be 
a perfect square, and we shall have 



{.-■}{.--}.^, 



or \-iA + C)l + AG-B' = (4), 

T * It 

which equation, therefore, determines the radius of the circle 
required. 

380. CoR. 1 . When a circle, concentric with a conic section, 
touches it, the points of contact must evidently be at the ex- 
tremities of either the major or minor axis (or the extremities 
of the possible axis in the case of a hyperbola) : hence the 
values of r given by (4) are the semiaxes, a and J, of the conic 
section ; we have, therefore, 

-^ + -5 = -4 + C, -j75 - AC - ™. 
a o ah 

Cor. 2. Hence, if J[C be > I? and -4 + C7> 0, c? and V are 
both positive, and therefore the curve is an ellipse; but MAC 
be < -ff either a' or J* is negative, and the carve is therefore a 
hyperbola. 

Prop. CXII. 

381. To determine the position of the axes of the conic 
section in the preceding proposition. 

Supposing the first member of (3) to be a perfect square, 
we have 

1^ - 1 j a; + ^y = 0, I C - U y + £:i: = ;♦ 

and, multiplying the first of these equations by y, and the 
second by z^ and subtracting, we find 

(^ - (7) ;ry + J5 (j/^ - a^O = : 
and, putting a; = r cos 0, y = r sin 0, we obtain 



tan 20 = 



A^' 



For if Lq^ + 2Mxy + N\f be a perfect square, its square root is either 

IT ^ /HT ^ 
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which determines two values of 0, whose diflFerence is 90% and 
these values are the angles which the two axes of the conic 
section make with the axis of x. 

Prop. CXIII. 
382. To determine the magnitude and position of the axes 
of the conic section represented by A^ + 2Bxy + Cy^ = 1, when 
the co-ordinates are oblique, the angle of ordination being oi. 

We may proceed exactly as in the preceding proposition, 
only instead of the equation (2) we now have 

£" + 2xy cos 01 + y^ = r* ; 
and therefore, instead of (3), we have 

■^ - 1) ^' + 2 (^5 - "-^) xy + (C- I) y^ = 0...(6;, 
1 ^ + C-25cosw 1 AC-B" ^ 

or -I - r-jx . -^ + ;— 2 = U. 

r sm w r* sm oi 

„ 1 1 _ ^H-C-2J?cos(, i 1 AC-' ff 

xience* "j + ^j — r— = ^ "Ha ~ ^~i • 

a 6 sm ia air sm* oi 

Again, to determine the position of the axes, we obtain from 
(5), as in Prop, cxii.. 

Ax + By - (x -{■ y cos w) 3 = 0, 

Cy + Bx - (y + x cos uf) — = 0, 

r 

and .-. (Ax 4 By) (y + x cos w) - (Oy + Bx) (x-\-y cos w) = 0, 

or (A cos u) - B)ai^ + (A- C)xy-\-(B'' (7 cos w) y' = 0. 

This equation gives two values of - , - , — , suppose, and we 
have, therefore, either 

px - qy = 0, or p'x - g'y = 0, 
which are evidently the equations of the two axes. 

383. Cor. If we suppose A == -^ ^ (7 = -_ ^ 5 = 0, the 
equation of the conic section becomes 

8 2 
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and (5) becomes 



— - 1 1 a;* - 2 cos 



^•^ + fjr,- ijy' = o. 



and/. ^--«ij^^,-i^.co8'., 

or r*-(a'^ + J'^)r^ + a'^J" sin'w = 0. 

Hence a'* + J'' » a' + J' and all sin cu = aJ, 

which are the two properties of conjugate diameters previously 
obtained by different methods. 

Prop. CXIV. 

384. A tangent is drawn from a given point {xy) to an 
ellipse, to find the angle (\//) which the portion of it between {xy) 
and the point of contact (AA;) subtends at either focus. 

Let T and r' be the distances of {pcy) and (M) from the focus 
S ; then we evidently have 

cos ^ — . — ^ + 7 • ;7 (0. 

r r 7* f 

- hx ky . ^ 

and -a+77^1 (2). 

ah ^ 

Substituting in (1) the value of ky obtained from (2), we have 

V 

rr' cos \p = (x - ae) (h - ae) -{-V - -^ hx 

a 

= X (^h - a-e) - aeh + a', since A' = a' (1 - e*), 
= (a - ca;) (a - ^A) : 

and hence, since r' - a- eh, we have 

, a- ex 

cos Xf/ = , 

r 

which determines the required angle. 

385. CoR. 1. If Q (fig. 108) be the point (xy), P the point 
(AA), and QRM an ordinate ; then SQ = r and SR <= a - e^; 

hence s'R 

co8P^'Q = ||; 

and hence, if we draw Q 7 perpendicular to SP, we hare 

S'T= SB. 
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386. Cor. 2. If QP be the other tangent drawn from Q, we 
have cos QS^P = — • Hence, if from any point Q two tan- 

T 

gents, QPy QP, be drawn to an ellipse, the lines QP and QP 
subtend equal angles at either focus. 

S87. Cor. 3. The angle \p being given to find the locus of Q. 
We have r cos ^ « a - ca;, 

or, transferring the origin to S', 

r cos \p = a " e(x + ae) = a(l - &^)- ex; 

which, introducing polar co-ordinates, and putting — ^ p « /', 

~ e' becomes I' 

cos \p r = 



1 + e cos ' 



which is the equation of the locus required ; it is therefore a 
conic section having its focus at /S", and its eccentricity and latus 

rectum equal to ; and t respectively. 

cos xp cos \p 

Prop. CXV. 

388. Having given the magnitude of position of two conjugate 
diameters of an ellipse, to find the magnitude and position of 
the axes. 

Let r, / be the two given conjugate semi-diameters, w the 
angle they make with each other, and 6, & the angles they make 
respectively with the axis major. Then we have 

r' + r^ = a^ + y (1), 

2rr' sin w = 2ah • . . (2) ; 

therefore, adding and subtracting, and putting, for brevity, 

r^ + 2rr sin w + r'* = w', r* - 2rr sin to + r * = t)', 
we have a ±h = u ±Vf 

and .'. 2a = w + t?, 25 = w ~ t? ; 

which determine a and b in terms of r, r and w. 
To find we have, since 6' = + w. 



tan B tan (0 + w) = — = , 

a 



which determines 0. 
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Prop. CXVI. 

389. To find the magnitude and position of the two equal 
conjugate diameters. 

Using the notation in the preceding proposition, and putting 

r' = r, we have, by (1) and (2), 

, a* + y 
r = - 



sm bi = 



2 ' 
2ah 



which determine r and w. To determine B we have 

r^ cos* 6 r^ sin* ^ . /» * 2 n 

^2 — + 75 — = 1 = cos' + sm' ; 

a 

2r* - 2a* , ^ 2r* - 25* . ^ ^ ^ 

.-. 2 — cos* + ,^ — sm* © = 0, 

a 

or — "^ — cos* + — =^ — sin* 6 = 0, since 2r* = a* + i*. 

a* J* 

Hence tan 6 = ± - ^ which determines the position of the two 

a 

diameters. 

Prop. CXVII. 

390. To find the greatest and least values of w. 

We have sin w = — , , and therefore sin w is a maximimi or 

TT 



minimum according as rr\ or (try is a maximum or minimum. 
Now /r'*=r'(a*+i*-r*) = ^^ 



a* + i*V / , a* + J*\* 



2 12 
which is evidently greatest when r* = , and therefore 

2 , 12 

r'* = also, and least when r* has its greatest value a\ 

Hence sin &; is least when r = r', and greatest when r- a \ and 
therefore, since we suppose w to be greater than - , w is greatest 
when r = r', and least when r = o. 

Hence the minimum value of w is - , and the maximum value 

2 

is given by the equation 

2ah 

sm W ■: -5 — - . 
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Prop. CXVIII. 

391. To find the area of an ellipse. 

If we inscribe in the elliptic quadrant ABC, (fig. 109) the 

rectilineal figure pqp'q'pq ; pq^ p'q'y &c. being parallel 

to CAy and qp'y q'pl', &c. perpendicular to CA ; it is clear that 
we may make the area of the rectilineal figure differ from that of 
the elliptic quadrant as little as we please, by taking each of the 
sides pq, p'^y &c. sufficiently small. Let (xy)y Qc'y'), (^V )> &c. 
be the points q, j', q'y &c., X the area of the rectilineal figure, 
and A that of the ellipse : then we have 

X = y {x - 0)+ y' (x - X) -\- y"{x - x') + &c. ; 

and if X' be the corresponding rectilineal figure inscribed in the 
circular quadrant ACS, we have, by Art. 261, 

X = ?y (^- 0)+ I y'ix'-x) 4 ?/(«:'' -:r')+&c.; 

.-. X = *X. 
a 

Hence - X' may be made to differ from A as little as we 
please : but X' may be made to differ from the area of AB C, 
i, e, — , as little as we please ; therefore the difference between 

■L 2 

A and - , — must be less than any small quantity we choose to 
a 4 

specifv: which cannot be, unless A- . Therefore A = , 

^ ^ a 4 4 

and hence the area of the whole ellipse is ttoJ. 

392. CoR. 1. Hence, if we produce the ordinate MP (fig. 1 1 0) 
to meet the circle described on AA as diameter in Q, it is clear 

area AMP = - area AMQ, 

a 

Also area CMP = -ttt^ area CMQ = - area CMQ. 

MQ a 

:. area CPA = - area CQA 

a 

a 2 ^ 
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hence the expression for the area CPA is 

\ ^ab. 
898. Cor. 2. If we put JV(-l) for 4, and xp for 0V(-1), we have 

area CPA' - | xpab ; 
which is the expression for the hyperbolic area CPA' (fig. Ill), 

^ ^^^ •'/' = log (- + T ) * (s6^ Art. 330). 

Prop. CXIX. 
394. To find the area of the portion AMP of a parabola 
(fig. 112), MP being any ordinate. 

Draw PJV parallel to AM, let p,p' be any two points of the 
arc AP whose co-ordinates are xt/, x'y', and draw q'pm, p'qm' 
parallel to AN, and qpn, p'q'n' parallel to AM. Then, if we 
denote the areas mpp'm' and npp'n' by X and Y, we have 
X = y(x' - x)'\- area jt>p'y, Y=' x(y - y)+ area ppq'. 

Hence it is clear that -=;. may be made to differ from ^-7-7 i 

as little as we please by bringing jo' up top. Now, since y^= 4fnx, 
and y'^ = 4mx*, we have 

y(^'-^) ^ j^ y'^-y' ^ y' + y . 

^(y'-y) ^mx'y'-y y ' 
and ^ may be made to differ from 2 as little as we please 

by bringing p up to p. It follows therefore that — may be 

made to differ from 2 as little as we please, by bringing p' up to je>. 

Now we may divide the area AMP into a series of portions 
such as X, and the area ANP into another series of portions 
such as y, and by what has been proved, we may make the 
ratio of each of the former series to the corresponding one of the 
latter differ from 2 as little as we please. Hence the ratio of the 
area AMP to the area ANP must differ from 2 by a quantity- 
less than any small quantity we choose to specify : which cannot 
be unless area AMP ^ 2 area ANP, or, what is the same thing, 
area AMP = § area AMPN. 

Hence it appears, that the area of the parabolic segment -4 PJIf 
is two thirds of the circumscribing rectangle AMPN. 
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Prop. CXX. 

396. Two chords, drawn from the extremities of the major 
axis to any point of an ellipse, are always parallel to a pair of 
conjugate diameters. 

Let (hk) be the point to which the chords are drawn, then 
the equations of the chords are 

X - a y X + a y 
h - a k^ h -\^ a k 
Hence, if Q and 0' be the angles which these two lines make 
with the axis of Xy we have 

tan 6 = -; , tan & = 



and .-. tan tan fl' « - 



h - a^ h ^ a* 



= - -^, since 3+ r-^ = 1, 



V . h^ k' 
-^ , since — + Tj 

which shews that the two chords are parallel to a pair of conju- 
gate diameters. 

396. CoR. In the same way we may shew that, if two 
chords be drawn from the extremities of any diameter to any 
point of an ellipse, they are parallel to a pair of conjugate dia- 

meters. Only instead of tan Q and tan ff we must write -7—7 tt- 

sin B' sin (w - B) 

and ,—. jcr. , and a and V for a and 5. We also assume that 

sm (*») - u) 

if and 9' be the angles which any pair of conjugate axes make 
with the axis of x, when the ellipse is referred to a pair of con- 
jugate axes, then 

sing sin 9' _b^ 

sin(ai-0)-sin((.i-e')"" a"' 
This may be proved, as in the case of the ellipse referred to 

the axis major and minor, by putting h + r ^^ and 

h + r -, for X and y in the equation -75 + tt^ = 1 > and then 

putting the coeflSicient of r, in the result, equal to zero. 



M 



CHAPTER XII. 



OF THE GENERAL EQUATION OF THE SECOND DEGREE BETWEEN X AND y. 

897. In the following propositions we shall consider the 
equation of the second degree in its most general form 

As? + 2Bxy + Cy^ + 2Dx + 2Ey + jP= 0. 

We have already (in Chap, vii.) investigated the nature of the 
locus represented by this equation, and proved that it represents 
in general an ellipse, parabola, hyperbola, two right lines, one 
right line, or an isolated point. We have also given a method 
of determining the nature and position of the locus when the 
coefficients A, jB, C, &c. are given ; and shewed that this 
method is simpUfied by first reducing the equation to the form 

Aa? + 2Bxy + (y + 1^' = 0, 

i. e. by transferring the origin to the centre, which may always 
be done, except when B^ - AC = 0. We shall now pursue this 
subject more into detail. 

Prop. CXXI. 

898. To determine the length (r) of a right line drawn, at 
an angle to the axis of Zy from a point Qhk) to the locus repre- 
sented by the equation 

Aa? + 2Bxy + Cy^ + 2Dx + 2Ey + F^ 0. 

As in Arts. 68, 128, &c. put h + r cos d and A + r sin fl for 
X and y in the equation of the locus 

As^ + 2Bxy + C^' + 2Dx 4 2Ey + i^= (1), 

and it becomes Ur^ -\^ 2Vr + W = (2), 
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where 

U^A cos* + 2S cos e sin + Csin* 
r= {Ah ^Bk + D) cos + (C* + J5A + E) sin - ... (3); 
W^Ah^+ 2.Bhk + CA' + 2Dh ^- 2Ek -^ F 
(2) determines the required distance r, and in general gives two 
values of it. 

Using the notation in Arts. 129, 211, &c. we have 

PQ + PQ' = - 51 

^ (4). 

PQ.PQ!^ -^J 

399. CoR. From the equation (4) we may, just as in Arts. 
132, 133, 135, &c., draw the following conclusions : 

(1) That the point (hk) bisects the chord drawn through it 
at an angle to the axis of Xy when F^ = 0, i. e. when 

{Ah + Bk + D) cos d + {Bk^ Ch^ E) sin = ... (6). 

(2) That the equation of the diameter of the system of 
chords inclined at an angle to the axis of x^ is 

{Ax \By\B) cos + (Cy + 5^ + JS) sin = 0, 

or(^cos0+£sin0>+(Csin045cos0)y+Dcos0+^8in0=O...(6). 

(8) That the angle (0) which the tangent, at the point (AA;) of 
the locus, makes with the axis of Xy is given by the equation 

'^^^^^^ , ,, Ah^Bk + D ,^. 

"^^^ CkTBhTE ^^^- 



IS 



(4) That hence the equation of the tangent at the point {hk) 
{Ah + Bk-¥ I)){x-h)-\^ {Ck ■^Bh + E){y-k)= 0, 



• We may find the equation of the tangent in the following manner also, 
fis in the Notes to Articles 214, 275. 

Let {Mc) and {h'k') be two points of the locus ; then 

^A»+ 2^A^ + CA;» + 2DA + 2J?A;+ jP=0 (1). 

Ah^^^Bhk' \^Ckl*^2Dh'^^2Ek'^F' = (2), 

Subtracting (1) from (2), and observing that 

h'k 'hk^h'k -h'k^h'k-hk^h' {k -k)^k(h! --h), 
we have, dividing by h'-h, 

A {h! ^h)^^2Bk v2D^{C (k ^k)^2Bh' ^2E}^^ =0. 

M 2 
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which, in virtue of the equation (1), since {hk) is a point of the 
locus, becomes 

{Ah + Bk + D) X +{Ck ^ Bh -^^ E) y -h Dh ^- Ek ^ F ^ 0...(8). 

(5) That hence the equation of the line joining the points of 
contact of the two tangents drawn from any point (kk) to the 
locus, is 

{Ax -i- By + D) h + {Ct/ + Bx + E) k -]- Dx + Ey + F:= 0, 
01 {Ah + Bk-\-D)x + {Ck-}-Bh-¥E)y + Dh + Ek'^F^O ...{9). 

(6) That this last equation is also the equation of the locus 
of the point of intersection of the pair of tangents drawn at the 
extremities of any chord passing through the point {hk), 

(7) From the second of the equations (4) we may shew, just 
as in Arts. 213, &c., that, if QQ, RB! be two chords of the locus, 
atid P their point of intersection, the ratio PQ,PQ' : PR,PB! 
is not altered by moving the chords parallel to themselves in 
any manner. 

Prop. CXXII. 
400 To find the centre of the locus represented by the 
general equation of the second degree. 

The centre is that point which bisects all the chords drawn 
through it ; therefore, if {hk) be the centre, the equation (5), 
Art. 399, must be true for all values of 6. Hence we have 

Ah + Bk + D^O... .(1), C% + m + £ = (2); 

which two equations determine h and A, and therefore the centre 
of the locus. If we actually calculate h and k from these equations, 
we find JB^- CD ^ BD - AE 

AC-^ff ' AC^B" ' 

CoR. !• li AC - B^ = Qy h and A; axe in general infinite^ 
i.e. the locus has no centre. We may also see this from the 

Hence the equation of the line joining {hk) and {h'ld) is 

A{h!^h)^2Bk-^2D , 

which, when h' and k! approach h and k, hecomes in the limit 

, Ah^Bk^D, ,, 
y'^ = -CkVBh^^^-^^^ 
which is the equation of the tangent obtained in the text. 
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equations (1) and (2), Art. 400 ; for, when ff^ACy they become 

^putting C' = — J 

EA 

Ah^■ Bk + D^^y Ah + Bk^ -— =0y 

JS 

EA 

which equations are manifestly inconsistent, unless D = -r^- , 

and therefore cannot be satisfied by finite values- of A and k. 
Consequently there can be no centre when B^ ^ ACy except in 

the particular case where D = -^- . 

B 

401. CoR. 2. In the particular case just mentioned, the 
equations (1) and (2) become identical, and therefore equivalent 
to only one equation between A and k, Consequendy an 
infinite number of values of h and k will satisfy the conditions 
(1) and (2),* and therefore the locus will have an infinite num- 
ber of centres, whose co-ordinates are restricted to satisfy the 
equation Ah + Bk + 2) = ; Le> all these centres are situated 
on the right line represented by Ax + By + X> = 0. 

We may verify this restdt in the following manner. If 
E'^- ACy BD = EAy and /. BE = CZ>, the general equation of 
the second degree becomes 

-=P a? + 2Bxy + -j^ ^ + 2Dx + 2Ey + jP= 0, 
E JD 

or ^ (^^ + ^yJ + ^i^^ -\'Ey) + F= 0. 

JJE 

If M and N be the two values of Dx + Ey given by this 

equation, we have 

{Dx ^Ey- M){Dx-\' Ey- N)=^0. 

Hence the general equation represents two parallel right lines. 

Now it is evident that any point of the right line, drawn parallel 

to these two lines, and equidistant from them, is a centre of the 

two lines considered as one locus. Hence there are an infinite 

number of centres all situated in a right line. 

• li :E^ = AC, and BD = AE, then BE= CD ako, and the expressions 

for h and hy instead of being infinite, assume the form - ; which shews that 
h and h are indeterminate. 
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Prop. CXXITI. 

402. To find what chords of the locus, represented by the 
general equation of the second degree, are perpendicular to 
their diameters. 

By equation (6), Art. 399, if be the angle which a chord 
makes with the axis of x, the angle (ff) which its diameter 
makes with the axis of x, is given by the equation 

^ A cos © + J? sin 

tan tf = - t;— ; — ^ 5 J. ; 

Csm + B cos d 

and if the diameter and chord be at right angles, we have 

tan ff = ' cot 0, 
Hence (Csin 6 + J3 cos 0) cos = {Acob0+ B sin 0) sin 0, 
and .-. i?(cos* - sin'* 0) = (A - C) sin cos 0, 

or tan 20 = J^ 



A-C 

which equation gives two values of diflFering by 90° from each 
other. It is the same equation as that obtained in Art. 187 for 
determining the position of the axes of the locus. Hence there 
are only two diameters, namely the axes, whose chords are at 
right angles to them. 

Prop. CXXIV. 
403. To shew that the locus represented by the equation of 
the second degree is in general an ellipse, parabola, or hyper- 
bola, according as JB* is less than, equal to, or greater than, A C. 
Recurring to the equations (3), (4), Art. 398, we find that, in 
order to make P the middle point of every chord which passes 
through P, we must have PQ = - PQ', or V= 0, for all values 
of 6, and therefore 

Ah + Bk + D = 0, Cfe + JBA + -B = 0. 

Now these equations are inconsistent when -5 = 7;^ *-^' when 
except ^ " 7^ ^^ ] • Hence, in general, when 

& ^ ACy there is no point which bisects all the chords drawn 
through it ; and consequently the locus has no centre ; t. «. it 
must be a parabola. 
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But if JB* be not equal to AC, we may always determine h 
and k from the two equations just put down ; therefore the 
locus has a centre, and it must be, in general, an ellipse or 
hyperbola. To distinguish which it is, we have only to suppose 
that QQ' - OD, which can only be the case in a hyperbola, and 
therefore that PQ . PQ! = qd ; which gives U=0, or 
A cos' e+2B cos sin 4 C sin* = 0, 

and .*. tan = ~ ^ . 

Now this value of is possible only when -B* is > AC; and 
therefore the locus in an ellipse or hyperbola, according as JB* is 
< or > AC* 



* We may obtain this result somewhat differently, as follows : 
For each value of x two values of y are given by the quadratic equation 
qy« + 2 ( J9a? + jS ) y + ^ar* + 2Da? + JP = ; 
and these values are real, provided 

(Bx + :Ey be > CiAa^-\- 2I)x + JP), 

or (B'-AC) + 2(BE-CD)^^iE*-CF)^>0. 

X or 

Now, by assuming a; to be a sufficiently large positive or negative quan- 
tity, we may make the last two terms of the first side of this inequality as 
small as we please, and therefore the first side to have the same sign as 
S^-AC. Hence, if JB* be < -4 C, the inequality is not satisfied by very large 
positive or negative values of x ; but, if ^ be > ^ C, the equation is satisfied 
by any very large positive or negative values of x. 

If JB^=ACf the condition that y may be possible becomes 

X |2 (BE- CD) + ^Iz^X > 0; 

and therefore, if BE- CD be positive, y is possible for very large values of ar, 
provided they be positive ; and if BB- CD be negative, y is possible for very 
large values of x, provided they be negative. 

Exactly the same reasoning will apply if we solve the general equation 
for X instead of y. 

Hence the locus has no points indefinitely distant from the axes of co- 
ordinates when B' is less than AC; it has points indefinitely distant from the 
axes on both sides of each of them when B^ is greater than AC; and it has 
points indefinitely distant from the axes, but only on one side of each, of them 
when JB* is equal to ^C Therefore the form of tbe locus corresponds with 
that of an ellipse, parabola, or hyperbola, according as JS* is less than, equal 
to, or greater than AC 
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Prop. CXXV. 

404. To determine under what circumstances the locus 
represented by the general equation of the second degree is two 
parallel right lines. 

If the locus be two parallel right lines, every point of the 

right line drawn parallel to, and equidistant from them, is a 

centre, and therefore the locus has an infinite number of centres. 

Consequently the equations 

Ah -h Bk + D = 0, Ck + Bh + E= 0, 

must be satisfied by an infinite number of different values of A 

and k ; which cannot be unless the two equations be identical. 

We have, therefore, 

A B D 

B^ C E' 

or AC= B\ and BE = CD (or EA = BD). 

If these conditions hold, the general equation becomes 

-— a? + 2Bxy + -=-■ y* + 2Dx + 2Ey + jF= 0, 

or -^{,Dx + EyJ+2 {Bz +Ey) + F= 0, 

or ^ (l^a; + i4V) + 1 + Wl 1 - ^r^ 1 = 0. 



(2>.+ £;y).l±^(l-g) 



If BF be < EDy this equation represents two parallel right 
lines ; but, if BFhe > EDy it represents no locus. 

Hence the conditions necessary in order that the general 
equation of the second degree may represent two parallel right 
lines, are A B D ^ ^„ ^^ 

• B^ C^ E' ^""^ BF<ED. 

Prop. CXXVI. 
405. To determine the circumstances imder which the general 
equation of the second degree represents two intersecting right 
lines, or an isolated point. 

When the locus is two intersecting right lines, or an isolated 
point, the centre is manifestly a point of the locus. Now, if we 
transfer the origin to the centre, the general equation becomes 

Ax^ + 2Bxy + C^' + 2>A + m 4 i^= (1), 
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(see Art. 193 bis) where h and k are given by the equations 

Ah + Bk + D=0 (2), C* + J5A + JB= (3). 

Hence, since the centre, which is now the origin, is a point of 
the locus, (1) must be satisfied by the values x = 0, y = ; 
therefore we have Dh-v Ek^ jP= (4), 

and Ax^ + 2Bxy + %* = 0. . . . 

B±^(B'-AC) ^ .. 

or X + >- J ^ y = (5). 

Also, if we substitute the values of h and A, got from (2) and 
(3) in (4), we find 

Cir - 2BDI; + AE' -^F(ff-- AC) = . . . ,(6); 

(6) is therefore the condition necessary in order that the locus 
may be two intersecting right lines or an isolated point. If B^ 
he > AC, (5) represents two right lines intersecting at the 
centre; but if JB^ be < -4(7, (5) is satisfied only by a; = and 
y = 0, and therefore represents an isolated point, namely the 
centre. Hence the locus will be two intersecting right lines, or 
an isolated point, according as J?* is greater or less than A C. 

Prop. CXXVII. 

406. To determine whether the locus represented by the 
general equation of the second degree has asymptotes ; and if so, 
to find their equations. 

If we put r cos and r sin d for A and k, in the general 
equation, ^^2 ^ ^Bhk -^ Ck? + 2Dh ■^2Ek + F=^0, 
and, in the equation of the tangent, 

(Ah + Bk + D) X + (Ck -h Bh + E) y + Dh + Ek + F =^ 0, 
they become 

A cos' + 25 cos esin e+ Csin' (9+ - (D cos + JBsin 0) + ^= 0, 

F 

and (Ax + By + 2>) cos + (Cy + Bx + jB) sin + — =0. 

T 

Hence, if r become infinite, i. e. if the point of contact be at an 
infinite distance from the origin, we have 

A cos' O + 2B cos sin + Csin' 6=0, 

and (Ax + By + D) cos + (Cy + Bx ■\- E) sin 0=0. 
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The first of tliese equations gives 

^ cos + {£ ± V(JB^ - ^C)} sin (?= 0, 
and^ thence^ the second becomes 

(Ax + % + />) {B±^/{B' - AC)} -(q/ + Bx + I!)A = 0...(1), 
which is, in general, the equation of the tangent when the point 
of contact is at an infinite distance from the origin. 

Hence, when S^ is > AC, the locus has two asymptotes, 
represented by (1); and when JB^ is < AC, it has no asymptote. 
If S"^ AC, (1) becomes 

.x^O .y -{- DB - AE = 0, 

which shews that the tangent goes ofif to an infinite distance from 
the origin, for this equation cannot be satisfied by any finite 
values of x aud y* Therefore the locus has, in general, no 
asymptotes when IE? - AC 

407. CoR. It is evident, firom the form of the equation (1), 
that the two asymptotes intersect at the centre ; for the co-ordi- 
nates of the centre satisfy the equations 

Ax^By^B^^, Cy-i^Dx'hE^O. 

Prop. CXXVIII. 

408. To obtain the equations of the asymptotes indepen- 
dently of the equation of the tangent. 

Assuming the notation in Art. 398, we have 

or cr+2F. i +R^. i = 0. 

r r* 

Now if 17= and V= 0, this equation makes each of the two 
values of - equal to zero : hence, if J7= o and V^ 0, the two 

T 

points, where the line, drawn from the point (hk) at an angle 
to the axis of x, meets the locus, are at an infinite distance from 
(hk) ; under which circumstances this line is evidently an asymp- 
tote. Hence the equations J7= o and V- make (hk) a point 
on an asymptote of the locus. If, therefore, we eliminate from 

* Except when DB- AJS =0, in which case the locus is two parallel 
right lines. 
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these two equations, we find a general relation between the 
co-ordinates, h and k, of any point on an asymptote of the 
locus. Hence, putting for U and V their values, and substi- 
tuting X and y for h and A, the asymptotes are determined by 
eliminating &om the equations 

A cos' 6 + 2^ sin cos fl + (7 sin' 0=0, 
{Ax + By + D) cos 9 + (C^ + 5a; + ^) sin = 0, 
which agrees with the preceding proposition. 

Prop. CXXIX. 

409. To shew that if the equation of the second degree be put 
in the form (ax + /3y + 7) (ax + j3'y + y) = 17, the asymptotes are 
represented by the equations, a:K + /3y + 7 * 0, and ax + /3'y + 7'= 0. 

Putting h + r cos 0, and A + r sin 0, for a; and y, the equation 
of the locus becomes jj^ + 2 Fr + W = 

where ?7= (a cos -f- /3 sin 0) (a cos + /3' sin 0), 

r=(acos0+0sin0)Co'A+i3'A+7Xa'cos0+i3'sin0)(aA+/3A+7)«O. 

To obtain the equations of the asymptotes, we hare only to 

put Z7= 0, and V= 0, and eliminate from these two equations. 

Now U= gives a cos + j3 sin = 0, or a cos + /3' sin = ; 

and therefore V= gives ai + ]3A + 7 = 0, or ah + fi'k + 7 » 0. 

Hence, putting x and y for h and A, the equations of the 

two asymptotes are 

aa; + /3y 4 7 = 0, ax + j3 y + 7' = 0. 

Prop. CXXX. 

410. To put the general equation of the second degree in the 

form (ax + /3y + y)(a^ + (i'y + 7) = v- 

Transferring the origin to the centre, the general equation 
of the second degree becomes (see Art. 193, bis) 

Aa? + 2Bxy + Cy^ + Dh -^ Ek + F^ (^ (1); 

h and A, the co-ordinates of the centre, being given by the equa- 
tions Ah^Bk + D = 0, Ck + Bh + JE=0. 

Now Ax' + 2Bxy ^ Chf" ^ ^y'fi + ^T " + ^) 

. ...(^-x)(/-. 
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B C 

when X and fi are the roots of ;?' + 2 — 2; + -- = 0. 

Hence (1) becomes 

A(x- \y) {x - yjf) ^ Dh -\^ Ek '\^ F= 0; 

Now transferring the origin back to its old position, i, e, putting 
X - h and y - kiox X and y, this equation becomes 

A{x-'\y-\^h- XA} {x- i/jy^k- fjc] + i?A + JEt + F= 0, 

which is the equation (1) put in the required form, h and k 
being given by the equations 

Ah-\^ Bk + D^Oy Ck-\-Bh^- E=Oy 

and X, fA being the roots of As? 4 2Bz +(7=0. 
CoR. Hence the equations of the asymptotes are 
(x - h) - \ (y - k) = 0, (a; - A) - pt (y - A) = 0. 

Prop. CXXXI. 
411. To trace the form of the locus represented by the gene- 
ral equation of the second degree, by solving the equation for y. 
The general equation of the second degree may be put in 

the form ^ Bx + B Ax"" + 2Dx + F ^ 
S^ + 2 — — y + 0, 

which gives 

Bx^E ^{(ff--AC)a!' + 2(BE--DC)x + E^'-CF 

^~ C * C 

Bx + E ^ 
= -^ — ± jK suppose. 

Let AB (fig. 113) be the right line represented by the equa- 
tion (7y + Bx + E= ; then, if we take 0M= x, and draw the 
ordinate MPQ to meet AB in P, it is evident that 

o 

Hence, if we take PQ = jB, and PQ = - By we have 

MQ = — — + R^ MQ = — R. 

C C 

It follows therefore that Q and Q are the points where the 
ordinate drawn from M meets the locus, and this is generally 
true for all positions of M. Also, since PQ = PQ'y it appears 



1 
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that the line AB is the diameter of the chords of the locus which 
are parallel to the axis of y. 

To make out how the locus lies with respect to ABy we have 
only to trace the values oiR corresponding to different values of 
X in the following manner. 

1st. Let ff - AC; then we have 

C'Z? = 2Mx + N; 

assuming, for brevity, M = BB - DC, N=E^- CF. 

It M be positive, 2Mx + N is positive for all values of x 

N 
greater than —, negative for all others, and continually in- 

N 
creases from to oo , when x increases from — —. to oo . Hence 

2M 

N . 

R is impossible for all values of x less than —y possible for 

all greater values, and increases continually from to oo , when 

N 
X increases from —to oo . It follows therefore that (fig. 114) 

N 
represents the locus, where OM^ = =^. 

Except when BE - DCy or My is zero, in which case R is 
invariable, being real when N, or JE^ - CF, is greater than zero, 
and impossible when less. Therefore the locus is two right lines 
parallel to ABy or has no existence, according as ^ is > or < CF, 

2nd. Let E^ - AC he negative ; then we have 

CB? ^{B"- AC) {a? + 2Mz + N]y 

, ,^ BE-- DC ^r E'-CF 

where M= -^—AC ' ^= ^^XC^ 

therefore IP has the same sign as, and is proportional to, 

-(x'+2Mx-\-N) or M^-N-ix- M)\ 

. Hence, if Jf be less than iV, B? is essentially negative, and 
therefore there is no locus : but if M^ be greater than JV^ jB* is 
positive for all values oix which make {x - My less than Jf' -iV, 
i. e, for all values of x between M - V( if' -iV), and Jlf+V(-3f' - JV), 
and negative for all other values: also, i? is zero when 
X = M ± y/(M^ - N)y and is greatest when x = M. Hence it 
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appears that fig. 115 represents the locus^ where OM^ and OM^ 
are M± V(-Sf - N\ and OM^ = M. 

If M^ « Ny the only real value of R is obtained by putting 
x' = My and therefore the locus is a single point. 

3rd. Let JE^ - AC he positive, then iP has the same sign 
as, and is proportional to 

'a?-¥2Mx-\'N or (x-Mf + N-AP. 

Hence, if 3P be less than JV, U' is essentially positive for all 
values of x, and is least when x = M. Therefore (fig. 116) 
represents the locus. But if iP be greater than iV, iJ' is 
negative for all values of x between M - V( Jlf - N) and 
Jtf"+ y/{M^ - N), and positive for all other values; also, S? is 
zero when x -M± *J{M^ - N\ and continually increases, when 
(x - My increases from 3P - iVto oo . Therefore (fig. 117) re- 
presents the locus. 

If M"" = N, CS? = (a: - Mfy and therefore 

Bx + H X- M 

which represents two right Hues. 

Thus we have traced the form of the locus in all the cases 
that may occur, and the results thus obtained agree exactly with 
those previously obtained by different methods. 



Of the modifications to he made in the preceding propositions 

when the co-ordinates are oblique. 

412. In Prop, cxxi., instead of putting x = h + r cos 6, 
^ B A; + r sin 0, we must put x = h + rm, y = k -{^ m^ where 

sin (« - ©) sin 6 

sm bi sin b> 

w being the angle of ordination. It is clear that the equation of 
the line r is ^ - A y - A 

m n 

Hence the results of this proposition must be stated in the follow- 
ing manner when the co-ordinates are oblique. 
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(1) The condition necessary in order that (hk) may be the 
middle point of the chord whose equation is 

X- h y -h 
m n ' 

is (Ah + 5A + D)m + (Bk+ Ch + E)n ^ 0. 

(2) The equation of the diameter of the chords parallel to 

X - h _y " k 
m n 

is {Am + Bn) a: h- (Ow + Bm)y + Dm + ^ « 0. 

(3) If = ^ be the equation of the tangent at the 

m n 

pomt (AA), then ^ ^ Ah-^Bk^ D 

m"" Ck-¥ Bh^E ' 
The results (4), (6), (6), and (7) require no modification. 

413. All the propositions which follow Prop, cxxi, except 
Prop. CXXI [I. are equally true for oblique co-ordinates as for rect- 

angular, provided we put m and n for cos and sin 0, and — for 
tanfl. "* 

414. In the case of Prop, cxxni. the condition necessary, 
in order that the diameter be parallel to its chords, must be 
obtained from Art. 91. Let the equation of one of the chords, 
and the equation of the diameter, be 

X - h y - k ^ 

= oT nx - my - C, 

m n 

X — h' y —k' I , ^y, 

— j- = - — T— or nx-my^C. 
m n 

Then, by Art. 91, the condition necessary, in order that these 

two lines be perpendicular, is 

n (n -\' m cos w) + w' (m + « cos «) = (1) ; 

but, by (2), Art. 412, we have 

m' _ Cn-\- Bm 
ri Am + Bn ' 
Hence (1) becomes 

(Am + Bn) (n + m cos w) = (Cw + Bm) (m i-ncoB w). 
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which is the condition required, and agrees with the last result 
of Art. 382. It may be put in the form 

(A cos « - J?) -^ + (^ - C)— + -B - Ccos w = 0, 

which gives two values of m, and therefore two sets of chords 
whose diameters are at right angles to them. 



Various Problems. 

415. ABC is a triangle, whose sides AB, AC, BC, always 
pass through three given points (M), (A' A'), (A"^"), respectively ; 
and the angular points A and B move along two given right 
lines OAXy OBYy respectively : to find the locus of C 

Taking OX and 01^ as co-ordinate axes, let the equations 

AB,AC,BC\^^ ax + Py^l (1), 

ax + (i'y=l (2), 

ax + (3y=^l (3> 

Observing that, since (1) and (2) meet in the axis o{ x^ and (1) 

and (3) in the axis of y, (1) and (2) must give the same value of 

X when y = 0, and (1) and (3) the same value of y when x= 0. 

Since (1), (2), (3) always pass through (hk), {hlk'), (A"A"), 

respectively, we have 

aA+/3*=l .*. (4), 

aA' + j3'A'=l (5), 

aT + i3r=l (6). 

And, if we eliminate a, /3, a', /3', between (2), (3), (4), (5), (6), 

the result will represent the locus of the intersection of (2) and 

(3), i,e, the locus of C 

Now, k' (2) - y (5), and Ji (3) - x (6) give 

a (Kx - h'y) = k' - y, 

/3 (h"y - Jc'x) = K' - X. 
Hence, by (4), we have 

h(k' - y) ^ k{K-x) ^ j^ 
Tex - Ky Ky - Jc'x 

which represents the locus required, which is therefore a line of 
the second order. 
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416. To find the locus of the intersection of two tangents 
drawn at the extremities of a chord of a conic section^ supposing 
that the chord always touches another conic section. 

Take the axes of the latter conic section as co-ordinate axes^ 
let its equation be ^ ^« 

-5+^=1 W; 

a b 

and let the equation of the former conic section be 

Ax^ + "iBxy ^Oi/'-v 2Dx + 2Ey + 2^= (2). 

Let (hk) be the point of intersection of any two tangents of (2), 
then the equation of the chord joining the points of contact is 

{Ah + Bk + D) X + iCk + Bh -\' H) y + I)h+ Ek + F= 0...(3). 

Now if (3) be a tangent of (1), we have, by Art. 277, 

(Ah + Bk-i- Df aU(Ck + Bh + :Efb^= (Dh + Ek-^ Py, 

which, being a relation between the co-ordinates, h and A, of 
the point of intersection of two tangents, drawn at the extremi- 
ties of any chord of (2) which touches (1), is the equation of the 
locus required. The locus is, therefore, a line of the second 
order. 

417. The equations of four right lines being 

ax + by + c = (1), 

a'a: + ft y + c' = (2), 

aa: + j3y + 7 = (3), 

a'a: + /3 y + y = (4) ; 

to shew that the general equation of a line of the second order, 
which passes through the points of intersection of (1) and (2), of 
(2) and (3), of (3) and (4), and of (4) and (1), is 

X (aa:+ Jy+c) (ax+fiy+y) + X' (ax+b'y'{-c') (ax + /3'y + y) = 0...(5), 

X and X' being arbitrary constants. 

Let Uy %iy t?, t?' represent the first members of (1), (2), (3), (4), 
respectively ; then the equation 

XtttJ + Xvlfi + liMtl + /x'w'r + vuu + vv^ = . . . . (6), 

where XX' [i.yl vv are arbitrary constants, is evidently an equation 
of the second degree in x and y, and may be made to agree with 
the general equation of the second degree by giving proper 

N 
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values to the six arbitrary constants. We may therefore regard 
(6) as the general equation of the second degree. 

Now if (6) be the equation of a curve which passes through 
the points of intersection of (I) and (2), of (2) and (3), of (3) and 
(4), and of (4) and (5), it is clear that, when we give x and y 
such values as mate u and u zero, u' and v zero, v and v' zero, 
or v' and u zero, (6) must be satisfied ; which requires that fi^ /i', 
V, and V shall each be zero. Hence (6) becomes \uv + }<u'v' = ; 
which coincides with (5). q. e. d. 

418. A conic section and a right line are given, and any 
quadrilateral is inscribed in the conic section ; to shew that, if 
three sides of the quadrilateral cut the given line in three given 
points, the fourth side will also cut it in a given point. 

Take the given line as axis of Xy and any other line as axis 
of y, and let the equation of the conic section be 

Ax^-\- 2Bxy+Cy'+2Dx+2Ey^F=^ (1). 

Let the equations of the four sides of the quadrilateral be 

ax-\-by ^ I = (2), 

a'x + Vy -{-l = (3), 

a:c + /3y + 1 = (4), 

a'^c + /3'y + 1 = (5) ; 

then, by the preceding problem, the equation of the conic section 

must be 

X (a:c+ Jy + i; (aa;+ /3y + 1) + X'(«f'^ + i'y + l)(a ^+i3V+ 1)=0...(6); 

and this equation must agree with (I). We have, therefore, 

A = \aa + Xaa'y 

22> = A(a + a) + X'(a +a'), 

and from these equations, eliminatiag X and X', we may find a 
in terms of o, a, and a. Hence, if a, a', and a be given, a is 
also given ; but, when (2), (3) and (4) cut the axis of x in three 
given points, a, a, and a are given ; therefore a is given, and 
therefore (5) cuts the axis of a; in a given point, q. e. d. 

419. In the preceding problem, if three sides of the quadri- 
lateral be parallel to three given lines, the fourth side will also 
be parallel to a given line. 
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Let the equations of the sides be 

y -f aa: + J = . . . . (2), 

y + a':r + i' = . . . , (3), 

y + aa: + /3 = . . . . (4), 

y + o'a: + j3' = . . . . (5) ; 

hence the equation of the conic section must be 

X (y + a:c + J) (y + aa: + )3) + \' {y + ax + V) (y + ax + /3'j = . ..(6). 
Comparing this with (1), we find 

2B^\(a-\- a)+\'(a'+a), 
-^1 = Xaa + X'a'a. 

Now, if (2), (3), and (4) be parallel to three given lines a, a', and 
a are given; therefore, reasoning as before, a is also given, and 
therefore (5) is also parallel to a given line. 

420. B and B are given points, OAX a given line, and the 
right lines BP, BP make given angles with the right lines BA, 
BA respectively : to find the locus of P, supposing A to move 
along OX. 

Let OX be the axis of x, and a line at right angles to it 
through the axis of y : let the co-ordinates of B and B be, 
respectively, hk and h'k' ; and let OA = a. Then it is easy to 
see that the equations of BAy B'A, BP, BP must be, respectively, 

y-k^j^Jx-h) (1), 

y-k!=JL.(x-K) (2), 

n — a 

y-k = ^{x-h) (3), 

y - A;' = /3' C* - A') (4), 

a, /3, and j3' being variable parameters. Let the given angles 
which (1) and (2) make respectively with (3) and (4) be tan"^ /w, 
and tan"^ m' ; then we have 

k ^ f, k(i 

-a \ n - a 






1 
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If we eliminate a from these equations^ we obtain an equa- 
tion of the form ^^p' + J5/3 + C)3' + i> = (5), 

A, B, Cy />, being constants : and, if we eliminate j3 and /3' be- 
tween (3), (4), and (5), we evidently obtain the equation of the 
locus of the intersection of (3) and (4). Hence the required 
locus is represented by 

an equation of the second degree. The locus required is there- 
fore a line of the second order. 
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